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ABSTRACT
In systematics,
parsimony
methods construct
phylogenies,
or evolutionary
trees, in
which characters
evolve with the least evolutionary
change. The Camin-Sokal
and Do110
parsimony
criteria are used to construct phylogenies from discrete characters. Variations of
these problems
depend on whether characters
are: cladistic (rooted) or qualitative
(unrooted): binary (two states) or multistate (more than one state). The computational
cost of
known algorithms
that guarantee optimal solutions to these problgms increases exponentially with problem size; practical computational
considerations
restrict the use of such
algorithms
to analyzing problems of small size. We establish that the basic variants of these
problems
are all NP-complete
and thus are so difficult computationally
that efficient
optimal algorithms
are unlikely to exist for them.

1.

INTRODUCTION

Systematists in recent years have witnessed a dramatic increase in the
availability of computer resources for research. As a consequence, theoretical
and practical investigations of numerical methods to infer phylogenies have
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flourished (Felsenstein
[ll] and references therein). Major strategies for
inferring phylogenies have been developed from basic concepts of compatibility and parsimony. For a given set of objects, compatibility
criteria are
used to seek phylogenies on which a largest set of characters is perfectly
compatible (Le Quesne [18, 19]), whereas parsimony criteria are used to seek
phylogenies on which characters evolve with the least evolutionary change.
Camin-Sokal parsimony (Camin and Sokal [l]), Do110 parsimony (Le Quesne
[20, 211, Farris [6, 7]), and Wagner parsimony (Kluge and Farris [17], Farris
[5]) are well-known
parsimony
criteria for discrete character data. The
logical and philosophical
bases of parsimony have been much discussed
(Farris [9], Felsenstein [12], Sober [22]).
An important
research problem is whether efficient polynomial-time
algorithms
exist for inferring phylogenies. An algorithm is called PO&
nomial-time if its execution requires a number of steps that can be bounded
in advance by a polynomial
function of the problem’s size. For many
problems of phylogenetic inference, researchers have been unable to design
polynomial-time
algorithms that always obtain optimal solutions. Results
concerning computational
complexity sometimes help to explain why polynomial-time
algorithms seem difficult to develop. Garey and Johnson [14]
give an exposition of problems which are known to be identical with respect
to whether or not polynomial-time
algorithms could exist to solve them.
These problems are called NP-complete; although they have not been proved
intractable,
solving any (and thus all) of them by polynomial-time
algorithms is unlikely. Recently problems of inferring phylogenies by compatibility and by Wagner parsimony have been shown to be NP-complete
(Foulds and Graham [13], Graham and Foulds [15], Day [2], Day and
Sankoff [3]). Since the Can-tin-Sokal and Do110 criteria are restricted variants
of the Wagner criterion, one might still hope to use them to infer phylogenies
by polynomial-time
algorithms. Our results essentially dash these hopes: we
will establish that problems of inferring phylogenies by the Camin-Sokal and
Do110 parsimony criteria are also NP-complete.
2.

DEFINITIONS

Although
rooted phylogenies
arise in systematics and the biological
sciences, here we shall use basically graph-theoretic terminology and conventions. There exist finite nonempty
sets of objects (e.g., terminal taxa,
operational
taxonomic units) and of characters that describe the objects.
Each character has two states and so is called binary. A binary character is
called qualitative if its states are an unordered set on which no further
structure is imposed; it is called cladistic if its states are ordered so that one
is ancestrul and the other derived. The n character states of an object x are
described by a vector v(x) = (v,,
, v,?), in which o, is the state of character i for object x.
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Phylogenies
in Camin-Sokal
and Do110 parsimony
problems can be
represented as subtrees of an appropriate hypercube. (The reader can consult
Harary [16] for graph-theoretic
terms whose meaning is not obvious.) Let
{O,l}” denote the n-fold Cartesian product of {O,l}. Let H= ({O,l}“, E) be
the graph with the elements (i.e., vectors) of {O,l}” as vertices and an edge
between two vertices if and only if they differ in exactly one vector position.
H is called a hypercube of dimension n. If X is a subset of (0, l}“, a Steiner
free for X is a minimal connected subgraph T = (x’, E’) of H with X a
subset of X’; minimality implies that T is acyclic and thus a tree. The size
of T is the number IX’] of vertices in X’; the vertices in X’, but not in X,
are called Steiner vertices.
If X is a subset of {O,l)“, a phylogeny for X is a rooted Steiner tree for
X. The phylogeny’s root is a vector describing the character state values, or
ancestral states, of a putative ancestor of the objects in X. The edges of a
phylogeny can be oriented away from the root; an edge from u = (ui, . . , u, )
to u = (ui,. . , q,), where u and v differ only in position i, represents a
transition of character i from u, to u,. Camin-Sokal and Do110 parsimony
problems further restrict permissible transitions in phylogenies. Camin-Sokal
problems require that no character transition be from derived state to
ancestral state. Do110 problems require that every character be uniquely
derived, i.e., that every character have exactly one transition from ancestral
state to derived state.
Although Camin-Sokal and Do110 parsimony problems are often stated as
optimization
problems, we formulate them in Table 1 as decision problems
in which each solution is either “yes” or “no.” Each decision problem is
equivalent
to its optimization
problem, since one has a polynomial-time
algorithm if and only if the other has a polynomial-time
algorithm. To prove
that a decision problem X is NP-complete, we establish both that X is in the
class NP (of problems having polynomial-time
verification algorithms) and
that a known NP-complete problem transforms to X in the following sense.
Let D, ( D2) denote the set of all instances of a decision problem Xi (X2). A
polynomial transformation from Xi to X2 is a map f from D, to D, such
that: f is computable by a polynomial-time
algorithm; for each instance I in
D,, the Xi solution for I is “yes” if and only if the X2 solution for f(I) is
“ yes.”
Our reference NP-complete problem concerns the existence of a vertex
cover in a graph.
VERTEX COVER

(Gurqv and Johnson [14, JI. 461)

Instance: A graph G = (V, E) and a positive integer K < 1VI.
Question: Is there a vertex cover of size K or less for G, i.e., a subset V’ of
V such that IV’] < K and, for each edge in E, at least one of its incident
vertices is in V’?
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Camin-Sokal

Cludistic

Cumin-Sokal

Instance:

and Dollo Decision

Cumin-Soknl

(QCS)

Same as for CCS.

Question:

Is there a Camin-Sokal

phylogeny

for X that has size at most

B?

Do/lo (CDO)

Instance:

Same as for CCS.

Question:
Is there a Do110 phylogeny
size at most B?
Qualitotiue

for X that is rooted

at the rank-n

vertex and has

Doll0 (QDO)

Instunce:
Question:

3.

Problems

(CCS)

Instunce:

Chdistic

1

Positive integer n; a subset X of {O,l}“; and a positive integer B.
Is there a Camin-Sokal
phylogeny for X that is rooted at 0 and has size at

Question;
most B?
Quditatiue
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Same as for CCS.
Is there a Do110 phylogeny

for X that has size at most

B?

RESULTS

Theorems 2 and 3 report NP-completeness
results for Camin-Sokal and
Do110 parsimony problems. Both proofs depend on a characterization,
in
Lemma 1, of structure in Steiner trees for a special family of problems. To
name vertices of the hy-percube, we rely in Lemma 1 on the correspondence
between a vector in (0, l}” and a subset of the integers in (1,. . , n }, where
the vector (q,
. , un) corresponds to the set { i : o, = l}. For example, { u, h }
(or (ab), for short) is the vertex with ones in positions a and b and zeros
elsewhere. The rank of any vector in (O,l}” is simply the number of ones it
has; for example, the rank-zero vector (0,. . ,0) has no ones and is denoted
by 0.
LEMMA

I

If a subset X of {O,l}” is such that X= Y U { 0}, where all vertices in Y
are rank-two, then a minimum-sized Steiner tree for X exists in which ull
Steiner vertices are rank-one and are adjacent to 0.
Proof
Let T be a minimum-sized
Steiner tree for X that has the fewest
Steiner vertices violating the Lemma. Such Steiner vertices are of two types:
they are rank-one but are not adjacent to 0; or their rank is greater than
one. We show that T can have no such violations.
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Suppose in T there were a rank-one Steiner vertex p not adjacent to 0.
Exactly one of the edges incident on p in T must be in the path in T
between p and 0. But that edge could be replaced by {p, 0} to obtain a
Steiner tree of equal size but with one fewer violation. Thus we may assume
that all rank-one Steiner vertices in T are adjacent to 0.
Let x be a vertex of Y at maximum distance in T from 0. If x is
adjacent to a rank-one Steiner vertex, then by the argument above x is at
distance two from 0; hence all vertices of Y must be adjacent to rank-one
Steiner vertices and T is as claimed. Therefore we may assume x is adjacent
to a rank-three vertex p = (abc). Edges incident on p are strongly restricted. Since T is minimal, every Steiner vertex must be in a path between
0 and a vertex of Y. Thus any edge incident on p and a Steiner vertex not
in the path between p and 0 would imply the existence of a vertex of Y
whose distance from 0 was greater than that of x, a contradiction
of our
choice of x. Therefore the only edges in T incident on p are an edge e in
the path between p and 0, and one, two, or three edges incident on vertices
of Y that are leaves of T.
These leaves must be in { (ab), (ac), (bc)}.
If there are one or two of
them, p can be replaced by a single rank-one Steiner vertex (Figure 1) to
obtain a Steiner tree of no greater size but with one fewer violation. Thus we
may assume that (ab), (ac), and (bc) are vertices of Y and are leaves
adjacent to p in T. Hence e must be incident in T with both p and a
rank-four vertex 4 = (abed ).
Now q cannot be adjacent in T with any rank-three vertex other than p.
Of the three possibilities (( abd), (acd), (bed)), suppose q were adjacent to,
say, (bed). By the argument above for p, we may assume that (bc), (bd),
and (cd) are vertices of Y and are leaves in T adjacent to q; but this is
impossible, since (bc) cannot be a leaf if it is adjacent to both p and (bed).
Thus the path between 4 and 0 must include an edge incident on q and a
rank-five vertex (abcde). Furthermore,
4 can be adjacent in T to no other
rank-five vertex, since if it were, Y would contain a vertex whose distance in
T from 0 was greater than that of x from 0, a contradiction
of our choice
of x. Hence the vicinity of x in T must be as in Figure 2; but the
transformation
of T shown there would yield a new tree of no greater size
but with two fewer violations, a contradiction.
n
THEOREM

Z

CCS and QCS are NP-complete problems.
Proof.
The problems are clearly in NP. To complete the proof, we
exhibit a polynomial transformation
from VERTEX COVER to CCS and QCS
simultaneously.
Let the graph G = ( V, E) and the positive integer K < 1VI be
an arbitrary
instance I of VERTEX COVER. The corresponding
instance
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FIG. 2. Another transformation
in the proof of Lemma 1. It deletes vertices
and it inserts (u) and (h) if they are not already in the tree.
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f(I)

= (n, X, B) of CCS or QCS is defined on the hypercube of dimension
n = lV[, its vector positions corresponding
to vertices in V. X contains 0
together with rank-two vectors x(e) for every edge e = ( U, u} in E, where
x(e) has ones in the positions for ZJ and v, and zeros elsewhere. With
B = K + IEl+ 1, f(Z) is a valid instance of CCS and QCS that can be
constructed in polynomial time.
To complete the proof we must show that G has a vertex cover of size at
most K if and only if X has a phylogenetic tree of size at most B. Suppose
the VERTEX COVER solution to Z is “yes” by virtue of a vertex cover V’, and
construct the desired tree T as follows. For each vertex v in V’, T has a
rank-one Steiner vertex s(v) with a one in the position for v and zeros
elsewhere. T has an edge {s(v), 0} for each v in V’; T also has for every e
in E an edge { x(e), s(v)), u being an endpoint of e that is in V’. The size
of T is IV’lt IEl+ 1~ B; when T is rooted at 0, both CCS and QCS
solutions to f(Z) are “yes” by virtue of T.
Conversely, suppose the CCS or QCS solution to f(Z) is “yes” by virtue
of a phylogenetic tree T. Since T can have at most K Steiner vertices, there
must exist an unrestricted Steiner tree with at most K Steiner vertices, and
by Lemma 1 we may assume that these Steiner vertices are all rank-one.
Since the corresponding
set V’ of vertices in G must be a vertex cover, the
n
VERTEX COVER solution to Z is “yes” by virtue of I/‘.
THEOREM

CD0

3

and QDO are NP-complete problems.

Proof.
Since the problems are clearly in NP, we next exhibit a variant of
the transformation
in the proof of Theorem 2. The dimension
of the
underlying
hypercube is increased to n = 2 K + IV/, the 2 K new vector
positions coming before the original IV1 positions and being set to zero in
the vectors of the original construction. Let Y denote the set of rank-two
vectors corresponding to the edges of G. In addition to 0 and Y, X contains
2 K + I VI new vectors p, , 1~ i < 2 K + IVI, with p, having ones in positions 1
through i, and zeros elsewhere. Finally, we set B = 3K + I VJ+ [El+ 1.
Suppose the desired vertex cover V’ exists. To construct the phylogenetic
tree T, we use rank-one Steiner vertices, as in the proof of Theorem 2, to link
0 with the vectors corresponding to edges of G; in addition T has edges
{O,p,}and{p,,p,+,}for1~i~L=2K+~V~.Itiseasytoverifythat
T
has the desired size and satisfies the CD0 and QDO requirements when
rooted at vertex pL.
Conversely, suppose the desired phylogenetic tree exists; but let us ignore
its phylogenetic rooting and consider it just as a Steiner tree. Since it has at
most K Steiner vertices, there must be for the given required vertices a
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minimum-sized
(unrestricted) Steiner tree with at most K Steiner vertices.
Let T be such a tree. We shall show that T can be transformed to a Steiner
tree of equal size but with the form described in the previous paragraph.
First, we may assume that all edges in the path between 0 and p,, are
present in T. Suppose one such edge { u, v} is missing. Since u and v are
required vertices, T must have a path between u and v. That path must
contain at least one edge not in the path between 0 and pL. Replacing such
an edge by { u, u} yields a new tree with one fewer edge missing from the
path between 0 and pL. By induction we can thus assume that none are
missing.
Next we may assume that no Steiner vertex is adjacent to any p, where
1~ i < L. Suppose T has the minimum number of such “bad” Steiner
vertices, subject to the requirements that it be a minimum-sized
Steiner tree
and contain all edges between 0 and pL. Notice that no bad vertex p can be
adjacent to any p, where 2 K + 1~ i < L. By the minimality of T, p would
be in a path between p, and a vertex in the set Y. Since p disagrees with all
vertices in Y in at least 2K - 1 of the first 2 K positions, that path must
contain at least 2 K - 1 Steiner vertices and so contradicts the fact that T
has at most K Steiner vertices. (We may assume, without loss of generality,
that K is greater than one.) Thus there are no bad Steiner vertices of this
type.
Notice also that no bad vertex p can be adjacent to any p, where
1~ i < 2 K. Suppose to the contrary that p is adjacent to pk where 1~ k <
2 K. Consider the set of all vertices of T that are connected to pk through p,
together with pk itself. If we project the subtree T’ of T induced by these
vertices onto the subgraph of the hypercube in which the first 2 K positions
are all zero, we obtain a connected subgraph T” that has no more vertices
than T’ and contains, as distinct vertices, 0 and every vertex from Y that is
in T’. Replacing T’ in T by a spanning tree for T” would yield a Steiner
tree with no more vertices than T but with one fewer bad Steiner vertex, a
contradiction
of the minimality of T with respect to such bad vertices.
We conclude that T must contain a minimum-sized
Steiner tree T’ for
the set Y U {O}. It is easy to show that, because of minimality, all Steiner
vertices in T’ must have zeros in the first 2 K positions. Thus we can project
T’ on the last IV1 positions to obtain a Steiner tree from which the desired
H
vertex cover for G can be derived as in the proof of Theorem 2.

4.

DISCUSSION

Although the decision problems in Table 1 require that every character be
binary, they can also be respecified to permit multistate characters. Since
every binary character also satisfies the definition of a multistate character,
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the binary version of each decision problem transforms to its multistate
version. Thus, as a consequence of Theorems 2 and 3, the multistate versions
of the Camin-Sokal and Do110 phylogeny problems are NP-complete as well.
The construction
in the proof of Theorem 2 is suitable for obtaining
NP-completeness
results in a range of problems of inferring phylogenies.
Since the proof does not assume that phylogenies are rooted, it provides an
alternative
demonstration
that decision problems based on the Wagner
parsimony
criterion (Kluge and Farris [17], Farris [5]) are NP-complete;
indeed, it provides a simple proof of Graham and Foulds’s result [13, 151
that the Steiner problem for the N-cube Q,,, is NP-complete.
Day and
Sankoff [4] use the construction in the proof of Theorem 3 to establish that
decision problems of inferring rooted phylogenies from chromosome inversion data (Farris [8], Felsenstein [lo]) are NP-complete.
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