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Abstract

Consider k genomes X = {&1,- - , &k} that are chosen uniformly and indepen-
dently at random from the space of all genomes of a specified size with identical
gene content. Let M be the set of their breakpoint medians. The mathemat-
ical study of the size and distribution of M is rather complex. In this paper,
we initiate the study of the distribution of M, and introduce the notion of
“median inverse” to estimate the chance of a given genome being an “approxi-
mate” breakpoint median of X'. As a result, we investigate the expected number
of approximate breakpoint medians of X, which also provides an upper bound
for the expected number of medians E|M|.
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1 Introduction

A simple but effective way to measure gene-order dissimilarity between two genomes
is to count the number of their breakpoints. A breakpoint of a genome G with respect



to another genome G’ is a pair of genes adjacent in G but not in G’. Their breakpoint
distance is then defined by d(G,G’) := |AgAAg/|/2, where Ag and Ags represent
the sets of gene adjacencies of G and G’, and A denotes the symmetric difference
operation for sets. We also denote by Ag, g the set of common gene adjacencies of
G and G’. Although the number of breakpoints of G with respect to G’ may be
different from that of G’ with respect to G, they are equal if both genomes have the
same gene contents, where in this case, the breakpoint distance formula reduces to
d(G,G) = |Ag| — |Ac.c-

Introduced in Sankoff and Blanchette (1997), the breakpoint median of k >
3 %enomes G1, -+ ,Gg, is a genome that minimizes the total distance function
Y iz1d( ., G;). Often employed to reconstruct the gene-order evolutionary history in
the small phylogeny problem, the medians are proved to be rather useful for inferring
the ancestral genomes under certain conditions (see Jamshidpey and Sankoff (2013);
Jamshidpey (2016); Jamshidpey and Sankoff (2017) for the mathematical study).
The medians are also aimed to capture the genetic similarities shared among k > 3
genomes. However despite their importance, finding and constructing medians can be
rather challenging (da Silva et al, 2024; Larlee et al, 2014). In fact the median problem
is NP-hard for various genomic distances including the breakpoint distance (Bryant,
1998; Caprara, 2003; Tannier et al, 2009; Fertin et al, 2009). Moreover, multiple median
genomes may exist for a given set of genomes, some of which may be distant from
each other, and some may be far from the true ancestor, rendering them unsuitable for
accurate inference. Therefore, studying the size and distribution of the set of medians
of k > 3 random genomes is important for advancing our understanding of genomic
evolution.

To be more precise, labeling genes by numbers, a linear unichromosomal genome of
size n can be represented by a permutation on [n] := {1,--- ,n}. Letting S,, denote the
set of all permutations on [n], or equivalently the set of all genomes with identical set of
genes 1,--- ,n, it is of particular interest to find the probability P(A C M) for any set
A C S, where M is the set of medians of some genomes (permutations) E”), e ,i")
chosen uniformly and independently at random from .S,,. Solving this problem however
is difficult and the probability depends on various parameters including the pairwise
distances of genomes in A. In this paper, we address the problem for the simplest
case of singletons A = {z}. The symmetry of the permutation group indicates that
this probability is the same for all choices of x. However, it is not very simple to find
the exact value of P(x € M) which depends on k and n. Computing this probability,
one can easily derive IE| M|, the expected number of breakpoint medians of random
permutations &y, - - -, k.

To establish our results, we introduce the notion of the “median inverse” of m € S,
as the set of all k-subsets {y1, -+ ,yr} of S, for which 7 is a median. We define the
“approzimate breakpoint medians” of k genomes to be a genome whose adjacencies,
except a few of them, are selected from the union of adjacencies of the k genomes.
For a given genome m, we construct and count all k-subsets {y1, - ,yx} of genomes
in S, for which 7 is an approximate median. This gives an asymptotic upper bound
for the size of the median inverse set. For any given genome, this also determines the
probability of being an approximate median of a set of random genomes which itself



is an upper bound for the probability of being their exact median. Finally, we derive
an explicit expression for the expected number of the approximate medians of a set
of random genomes. For any given £ € N and m € S,,, our approach provides an
algorithm to count the number of all possible k-subsets {y1,- - ,yr} C S, for which
7 is a median.

The paper is organized as follows. Section 2 introduces some important concepts
such as median inverse and segment sets. In Section 3, we provide a brief description
of the main results. Section 4 discusses the main results on the number of approx-
imate medians of a set of random genomes. We first recall some results about the
behaviour of the median of k genomes with (almost) maximum pairwise breakpoint
distances. In particular, for any small £ € N and 7 € S,,, we establish a theory for
counting the number of k-subsets {y1,-,yx} C S, for which A, C U, A,.. This
motivates us to build a theory in the general case in Theorems 1-4. More precisely,
for any set of permutations (genomes) {z1,---, 2z} C Sy, and any median of this set,
namely z, Theorem 1 provides an upper bound for | A, \U*_, A,.|, the total number of
adjacencies of x which are not adjacencies of x1,- -+ ,zg. Using this, Theorem 2 gives
the asymptotic behaviour of the corresponding upper bound for the total number of
adjacencies of any median of random genomes £, - - - , & which are not taken from the
adjacencies of &1, -+, &. Finally, Theorems 3 and 4 provide an explicit expression of
the probability for any given permutation to be an approximate median of &1, - - - , .
This in addition computes the expected number of approximate breakpoint medians

Ofgla"' 7£/€'

2 Definitions

We assume that there are no duplicated genes. This means linear unichromosomal
genomes with n genes or markers labelled by 1,--- ,n are represented by permutations
on [n] := {1,---,n}. Let S,, denote the group of all permutations on [n]|, endowed
with function composition as the multiplication operation, and denote by id := id(™
the identity permutation 1 2 3 ... n. For a permutation 7 := m; ... m,, any unordered
pair {m;, miy1} = {miy1,m}, for i = 1,..,n — 1, is called a (gene) adjacency of .
The set of all adjacencies of 7 is denoted by A,. Also, A, .. 4, denotes the set of all
common adjacencies of z1, ...,z € Sy,. The breakpoint distance (bp distance) between
x,y € Sy, is defined by

d(z,y) =d"(@,y) ==n—1—|As,

= |A;AA /2.

Note that the bp distance is a left-invariant pseudometric on S,,, that is, for any
T,Y,2 € S, d(z,y) = d(2z, 2y).

Define the total breakpoint distance of = € S, to a set of permutations A C S,, by
dr(x, A) =3 c 4 d(z,y). A median of A C S, is a permutation in S, (not necessarily
unique) whose total distance to A takes the minimum value, i.e. it is a permutation
x € S, such that dp(z, A) = minycg, dr(y, A). Furthermore, the median value of A
is the minimum value of the total distance function to A. We denote by M, (A) the
set of all breakpoint medians of A C S,,. Note that that M,,(A) is always non-empty,
but not necessarily a singleton.
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Fig. 1 The segment set I is contained in permutations 7w and 7. As m # 7, the complement segment
sets of I with respect to m and 7 are different, i.e., I # Iz. The segments s; and sy are strongly
disjoint, s1 and u; are disjoint, and s; and s intersect. The segments s and u; are consistent and
their union is {{10,1}{1,2}{2,3}}, while the segments s and v; are inconsistent.

It is not hard to see that any median of z,y € S, is a permutation z € S,, for
which d(z,y) = d(z, 2) + d(z, y) and vice versa. Any such permutation z € S, is called
a geodesic point of z,y (Jamshidpey et al, 2014). The set of all geodesic points of
x,y € S, is denoted by [z,y].

A segment of S, is a set of consecutive (gene) adjacencies of a permutation
(genome) in S,,. More precisely, a segment of length k € [n — 1] is a set of adjacencies
{{no,n1}, {n1,n2}, .. {np—2,nk—1},{nk—1,nx}}, for k + 1 distinct numbers (genes)
ng, N1, ..., N € [n]. In particular, the empty set @) is regarded as a segment of length 0.
We denote by |s| the length of a segment s. We say two segments s and s’ are strongly
disjoint if there is no common genes (numbers) shared between them. They are dis-
joint if they do not share any common adjacencies. Otherwise, we say they intersect
each other.

A segment set I of a permutation = € S, is a subset of the gene adjacencies of
mw, i.e. I C A,. Alternatively, we say m contains I. Note that a segment set can be
contained in more than one permutation. Denote by Z(™) the set of all segment sets of
S,. By a segment of a segment set I we mean a maximal segment contained in I. Also
we denote by ||I|| := k, the number of segments of I. We emphasize that “| . |” is used
for both cardinality of a set and absolute value of a real number. So for a segment
set I with segments s1,---, s, |I| = Zyﬂ |s;| counts the number of adjacencies
of I. Two segment sets I and J (in particular two segments s and s, respectively)
are said to be consistent, if their union is contained in A, for some permutation
m. When we speak of union of two or more segment sets (respectively, two or more
segments) we always assume that they are pairwise consistent. We say segment sets
Iy, ..., I}, completes each other if there exists a permutation 7 such that Uleli =A,.
In particular, the complement of a segment set I with respect to © € .S, is the unique
segment set I := A, \ I. An example is given in Figure 1.

3 Brief description of results

In this paper, we introduce the “Median Inverse Problem”; to study the expected
number of medians for a set of random permutations. We find an upper bound for



the probability that a permutation 7 is a median of k genomes &;,--- , &, chosen
independently and uniformly at random from S,,. Given a set A C S,,, we look for all
k-tuples (1, ...,x1) € S¥ with A € M,,(z1,--- ,x1), that is, the k-median inverse of
A is defined by

M3 (A) = {(21, . m0) € S0 A C Ma({an, 2 })}-

We find an upper bound for the cardinality of M;i(A) when A is a singleton. We
approximate the asymptotic probability that k independent random permutations
in S, have a given median 7 € S,,, and find an upper bound for that. In general,
for k given permutations X = {x1,...,x}, there may exist a median 7 such that
Az \UF_ A, # 0. We find an upper bound, denoted by O, (X), for max{|A, \

Uk A, |+ ™€ M,(X)}, which is the maximum number of adjacencies a median 7
may have, that do not belong to any permutation z1, - - - , . For random permutations
f%n), cee ,(cn) chosen independently from S,, and for any sequence of real numbers

(an)nen tending to co, we show that |On({§1n), oy flin)})\/an — 0, in probability, as n
goes to co. For ¢ > 0, we define a c-approximate median of X to be a permutation m
for which [Ax \ U,cx Az| < c. Motivated by this, the c-approximate median set and
c-approximate median inverse of m € S, are defined as

Lo X)={m €S [Ar\ | J Azl <}, (1)
zeX
and .
Zrpo®) = {1, yp) € SN+ AN\ ([ Ayl < ¢} (2)

=1

We show that with high probability, as n — oo, we have
Mn(é-;n)a te 761(;0) C gn,an (é-;n)v e agl(cn))a

implying |M;j€(ﬂ'(”))| < \fni;’an (7(™)| for any arbitrary sequence of (7(™),cn,
7™ € S,. Finally, we construct the elements of .} (7(™), and give an exact
expression for its cardinality (see Theorems 3 and 4). Lelutﬁing Or =0, , &), the
inequality
EIM(E1,- - 0] < [ Lk o (1) (nl)F!

provides an upper bound for the expected number of medians of &, -+ ,&. Among
their various advantages, the methods discussed in this paper provide an algorithmic
perspective on both constructing and counting approximate medians of a set of random
genomes.

4 Results

For a permutation x € S, it is clear that M;ll(x) = {z,y}, where y # x is the
unique permutation for which d(x,y) = 0. For instance, ./\/l;l1 (id) = {id,y}, where y =



nn—1---21. Also, M;IQ(x) = {(z1,22) € S2: x € [w1,x2]}. It is well known that
the expected number of common adjacencies of two random permutations is O(1); see
Proposition 4. This means that, with high probability, the random permutations are
at approximately maximum distance from each other. Hence, to study the median of k
random permutations, we need to review some results for the median of k£ permutations
with pairwise maximum distance n — 1 from each other. In particular recall that a
permutation 7 is the median of k permutations with pairwise maximum distance n— 1
from each other, if and only if every adjacency of « is an adjacency of at least one of
those k permutations. In other words we have

Proposition 1 (Jamshidpey et al (2014)). Let X C S, such that d(z,y) =n —1 for

any z,y € X. Then 7 is a median of X if and only if A, C |J As.
reX

This is not true in general when the distances of input genomes are not the maxi-
mum value n— 1. For example, ifn =9, =275683941land7=689341275,
then every adjacency of 7 is either an adjacency of id = id(™) or an adjacency of x, but
d9 (id,z) =7 < d® (id,7) 4+ d® (7, z) = 8. In fact, this happens because all common
adjacencies of id and x must be adjacencies of 7 in order to have 7 € [id, x] as stated
in the next proposition. L
Proposition 2 (Jamshidpey et al (2014)). Let x,y € S,,. Then z € [z,y] if and only
if Ay C A, C A UA,.

Recall from (1) and (2) that, for any X C S,

Lno(X) ={m €8 A C |J A},

zeX

and

fnj,io(w) = {(x1,..,xr) € S¥ i w € Lo({x1, .t })} =
{(@1, ) € SE A C | Al (3)

zeX

In fact, Proposition 1 implies that for X C S, with d(z,y) =n —1, for 2,y € X, we
have M, (X) = Z,,0(X). Letting

Voo = {(z1, ..., z1) € S,’f s d(xg,x;) =n—1, for i #j},

we get, for any w € Sy, ‘an,iyo(ﬂ') NVopr =M i(ﬂ') N Vp k. In other words, when we

restrict ourselves to V;, x, elements of M} () are identical to those of £, } (). We

n7

continue this paper with studying |.§f7:,i0(7r)| To this end, we try to find an ordered
k-tuple (Jy,...,Jx) where every J;, for ¢ = 1,...,k, is a segment set of S, such that
Ule J; = Ay, and then find all possible k-tuples (1, ...,x;) € S¥ such that, for
i =1, ..., k, permutation x; contains exactly segment set .J; from 7, not anything more.
We will see that this gives us a way to count |,$n7,10(7r)| exactly. More precisely, for a



segment set I in a permutation 7, we define 7{(”)( I) to be the set of all permutations
having exactly segment set I from 7, that 1s ’H(n)( I)={zeS,: Az =1TI}. Observe
that, for permutations =,y € S,, z € Hy ( ) if and only if y € Hin) (I). Also, one
can see that, for two non-identical segment sets of m € S,,, namely I # I’, we have
H( N ) (I') = 0, since if z € HS(I) and y € HIV(I'), then Ay, =1 # 1’ =
Az y.

Let

P () = {1y Ja) € (T Y

HCw

Note that the J; in the definition of 3”,&0)(70 may intersect each other. If J =
(Jty e i), T’ = (Jf, ey J},) € 244 (7), such that J # J', then

(HE (1) % oo x HED () 0 (HE () x o HED () = 0.

Now, if (z1,..,x5) € fnj,i’o(ﬂ), then A, C U A, Therefore, there exists
(J1ye Jg) € @,gno)(ﬂ') such that, for any ¢« = 1,...,k, A;,, = J; implying that

(1, ...y Tk) € ’H(n)( J1) X X ngn)(Jk). On the other hand, if
(21, ..., x%) € U H () x .o x 7 (),

(fl,...,Jk)egaiizo)(n)

then there exists (J1,..., Jx) € 2}3 () such that z; € HY"(J;), for i = 1, .., k, which
means by itself Ar ,, = J;. Thus

S

k k
A= Ji = IAW,M c UIAM.

i=1 %

Hence, (21, ...,x) € .Zn_,i o(m). We have proved the following proposition.

Proposition 3. Let n, k be natural numbers, and w be a permutation in S, . Then

Zolm) = U HE (1) x oo x HI (),
(J1ss )€Y ()

and

k
1Lk o(m)] = > [T+ )

(J1sdi) €2 () =1

So, knowing the number of elements of ’Hﬂ ( ) has an important role in counting
the number of elements of £} (7).



What can we say when the permutations are chosen uniformly and independently
at random from S,,? One can see that the situation in this case is similar to that in the
case of permutations with pairwise maximum distance from each other. The following
classic result can shed light on this.

Proposition 4. Let £ = €™ be a permutation chosen uniformly at random from Sy,
and let (an)nen be a sequence of real numbers tending to co. Then

i) Eld(id, )] =n —1 - 2220 n e N,

ii) var(d(id, ) = (2~ 2)(~1+ 2) + L=20 y e N,

n(n
iii) For anye >0, P(n —1—d(id,&) > ea,) — 0, as n — oo.
Proof. For simplicity, we drop the superscript of id™ in the following computations.

Fori=1,...,n—1, let xy; = 1 if the i-th adjacency of £(™ namely {fi("),fgz)l} is an
adjacency of id, and let x; = 0, otherwise. For i = 1,...,n — 1, we have

El] = m = %
We can write o
Bl e = 3 Bpu) = 221,
Also, -
n—1
var([Aigemn ) = Y BRG] +2 ) Elaxg] — EllAigem [I?
i=1 i<j
=E[|Ajgem |1 = E[JA;4em]]) +2 Z Elxix;] + 2 Z E[x:x;]-

j—i>1 j—i=1

But, for j —i > 1, we consider two cases. First, the i-th adjacency of £ can be one of
the n—3 adjacencies of id, namely {u,u+1} for u = 2,...,n—2, each with two different
directions, i.e. either 51-(“) = u and 51(1)1 =u+1,or 51(1)1 = u and Si(n) = u + 1. In this
case there are n — 4 adjacencies of id (exclude {u,u+ 1} and both of its neighbouring
adjacencies) that j-th adjacency of 55”) can be identical to, each with two directions.
The second case, is when the i-th adjacency of £ is either {1,2} or {n —1,n}, each
with two possible directions, and in this case there are n — 3 adjacencies of id (exclude
the one chosen for i-th adjacency of £ and its unique neighbouring adjacency in id),
that can be picked for the j-th adjacency of €™, again each with two directions. In
summary, for j —i > 1,



Elix;] =P(xi=1x; =1)
(2(n —3) x 2(n —4)) + (2 x 2) X (2(n — 3)) 4

- n(n —1)(n —2)(n — 3) - n(n—1)" (5)

But the number of ways one can choose %, j such that j —i > 1is 14 ...+ (n —3) =
(n—2)(n—3)/2. So

2 Z E[x:x;] = 4(nn_(j)_(n1)_ &2y

Similarly, for j —i = 1, the i-th and i + 1-st adjacencies of £(™ should be identical
to two consecutive adjacencies of id. Considering the direction, this gives 2(n — 2)
possible ways in which x; = 1 and x;4+1 = 1. This implies that, for j —¢ =1,

2(n — 2) 2

Bl =Pha =Lxs =1 = 00— 350 =% = nn = 1)

As the number of ways one can choose i, j such that j —i =1 is n — 2, we can write

j—i=1
Putting all this together, we get

2(n — 4n—2)(n—3)  4(n—2)
n n i n(n—1) +n(n—1)’

’Ua””(|~'4id,§(n> )=

which concludes the second part of the proposition. Finally, letting n — oo, we
have E[|A;q ¢ |] — 2 and var(|A;¢m|) — 2. Therefore, for any arbitrary sequence
(an)nen, satisfying the conditions mentioned in the statement of the proposition,
Chebyshev’s inequality implies convergence in probability of |Aid7§<n> /an to 0, as
n — 0o, and therefore, (7ii) is proved. O

As we mentioned before, when the pairwise distances of permutations in X C S,
take the maximum value n — 1, a permutation 7 is a median of X if and only if each
of its adjacencies is an adjacency of exactly one of the permutations in X. This is not
true in general. In fact, for a general X C 5;,, a median need not to take all of its
adjacencies from U,c xA;. Can we find an upper bound for the number of adjacencies
of any median of X which are not from U,¢cx.A,7 In other words, can we find a good
uniform upper bound for |A; \ UzexA;| , for any median 7 of X? The next theorem
answers this question. Before stating the theorem we introduce some notations as
follows.

Denote by P(S) the set of all subsets of a set S. Let X ={x1,...,2,} C S, and let
B§ = Ba)ci,..-,wk = Ag,,....zn- Then, for any j = 1...k, let

BY = Aayay vy prnan \ Bay
TlseeyTj—1,Tj415.--Tk 1y sLj—1,Lj41,5---LTk T1yeees Tl



Continuing this, for any U = {z;,,...,z;, } C X, we set

By =BX .. =Av\ | B

Tiq -
C
ULV

Also, for a permutation 7 and r < k, let & (7) := [Az N BX |. For z € S,

Tiy e Tiy,

and a subset X C 5, recall that the bp total distance of x to X is given by

dr(z, X) = n)xX dey
yeX

Theorem 1. Let X = {z1,...,x} C Syp, and let x € M, (X). We assume the labels
of elements of X are such that dp(zp, X) = _7I?inde(zi,X). Then

k
A\ U As,
=1
k
S-S & @ S B L b
r=2 1<iy <. <ip<k 1<i1 <. <ip1 <k
k—1
Z r—1) Z BY .al (6)
r=2 1<i1<...<i-<k

In particular, for k =3, for any x € M, (X), | Az \ U Asz,

< |B’I'1 ’E2|

Proof. To ease the notation, when there is no risk of ambiguity, we let B;, ..
B Let n = |A; \ U¥_  A,,|. Then

-yt

LiqseerLip*
k
17+Z Z éffzr(x) =n-—1
r=11<i; <...<i <k
As z is a median of X, we have
k
dr(z,X)=k(n-1) =X > & (2)]

r=1 1<i1<...<i <k
k

=(k-Dn-1)+n-3[r-1) > & ()
r=2 1<ii <. <, <k
SdT(IkaX):(k_l)(n_l)_( Z |le k|+2 Z ‘B’Ll,lz,k|
1<ii<k 1<ii<ia<k
+o+(k-2) > B3 in il + (R =D)IBE L)

1<i1 <. <ip—2<k

10



n <
k k
Oor=1 > & L @-0_ (-1 > B i il
r=2 1<t <...<in<k r=2 1<t <. <ip1<k

>
|
—

<Y =1 > B il (D)

1<iy <...<ip<k

%
I
o

where the last inequality holds because &Y ; (x) < [BY _, |, for any r < k and

1<ip<...<t,. <k O

For X = {x1,...,x} C Sp, let o be an arbitrary permutation on {1, .., k} such that
dr (xo'(k)7 X) = iinlink dT(x’ia X)a
Consider the relabelling x7 := z,(;), for i = 1,..., k, for elements of X. So for k > 3,
we can denote O, = O, 1, : (Sp)* — Ry,

On(X):=> (r=1) > |BY

R
1<ii<...<ir<k

o
=

x°

ir

ﬁ
Il
N

Remark 1. Of course for X = {x1,...,x1} C S, with mazimum distance d(x;,x;)
=n—1, fori#j, O,(X) =0 and therefore, as we have seen in Proposition 1, every
median picks its adjacencies from the union of adjacencies of k permutations. But the
converse is not true, namely, there exist sets of permutations X such that O,(X) =0,
but adjacency sets of permutations have intersections with each other. So Theorem 1
gives a stronger statement when permutations of X are not located at the maximum
distance of each other but O, (X) = 0 and in this case we still have the same property.
For example, consider three permutations id =id® =123456 , 2 =46513 2,
andy=426513, and let X = {id,z,y}. We have A;q, = {{2,3},{5,6}}, Aiay =
{{5,6}}, Az, = {{5,6},{1,5},{1,3}}, and Aigy = {{5,6}}. Then dr(id, X) =7,
dr(z,X) =5, and dr(y, X) =6, and thus On(X) = |Biay| = [Aidy \ Aidey| = 0.
Motivated by Theorem 1 and rewriting

Lno(X) = {m € Sy : | A\ | Asl <0},

zeX

for ¢ > 0, the set of c-approximate median set and c-approximate median inverse for
X is defined in (1) and (2)

Lno(X) = {m €Syt |A\ | Aul <},

zeX

11



and

Zn_lic(ﬂ-) = {(z1,..,xx) € SE i1 € L ({1, s 1))}
= {($1,...,$}c) € Srli AR\ U Az < C}.

zeX

Note that the left-invariance property of the breakpoint distance implies A,
Arz .y, for m,z,y € S,. Therefore, for any 7,z € S, and X = {x1,...,2}
Sp, dr(z,X) = dp(rz,nX), where 71X = {mxy,...,mx)}. This yields 7. M, (X)
M, (7X), and therefore, for any z,y € Sy, M} (z)| = |M L (y)|. Also, denoting
the bp median value of X by p,(X), we can write wn(X) = Lin (rX). On the other
hand, for 7 € S,, and k-tuple (x1,...,2;) € S¥, denote 7(zy,...,7x) = (721, ..., TT).
Similarly to the median inverse case, write

Nl

.i”n_;c(ﬂ'x) = {(7z1, ., mxh) ¢ [ Are \UF_ Ara, | < ¢}
= {m(x1, .., xk) : Az \ Uf:1A1i| <c} = Ry (z),

n,k,c
and thus, for any =,y € Sy, |$n_,1c(a:)| = |$n_,16(y)\, since (1, ..., x) — (11, ..., TT))
is a bijection for any given 7w € S,,.

Let 51"), € ,(C") be k permutations chosen uniformly and independently at random
from S,. Roughly speaking, Proposition 1 implies that for any sequence (an)nenN,
for which a, — oo and a,/n — 0, as n — oo, and any sequence of permutations
(Tn)neN, with 7, € Sp, |Z1} a,, ()| somehow gives an upper bound for M (7).
This is formalized in the next theorem. 7

Theorem 2. Let (a,)nen be a sequence of real numbers diverging to oo, as n — oo.

Let f%n)7 ,(cn) be k permutations chosen uniformly and independently at random from
Sn. Then, as n — 00,

On (™., ey

Qnp

— 0, in probability,

and
P(Mu (67,0 €7) C L (677, 6)) — 1. (8)

Proof. Let X = {x1,...,xx} C Sy, and consider sets Us, ...,Ur C X, such that for a
fixed pair 4 # i2 in {1,...,k},

ng{:ril,xb} ;Ug ; ; Uk :X,

that is for any | = 2,....k — 1, |Uj4+1 \ U;| = 1. Then by definition

k
X
U BUi = 'Aa:il Tig
=2

12



This yields
0,(X) < D Asya, .

i<j<k
So if |0, (X)| > ¢, for ¢ > 0, then for at least one pair of points in X, namely z,y,

c
Myl = 757
(*2)
Letting 7 be the minimum index ¢ € {1, ..., k} such that
di? (€7 4G, 67 < P AG, 67

for j =1,..., k, the last inequality implies that, for any € > 0

POt 2 2an) < P( ) {Meon ol 2 22 })

g (*3")
e
Enp
< > IP(|A§@>7§<¢L> Z i1 >_>0’
i< v ( 2 )
L] FT

as n — 00, by Proposition 1, hence the first part is proved. To prove (8), note that
Mn(fl; ceey Ek) g gn,an (51, ceey ék) implies that

an < [Am \ U?:lA&‘ < |On(§1a -~-a§k)|7

for some median m € M,, (1, ..., & ). Therefore as n — oo,

Qn

P(Mu(E1, s €6) & Lo (1, €)) < P (M > 1) Lo,

which completes the proof. O

Remark 2. Although the theorem is true for any arbitrary diverging sequence
(an)neN, it is useful to pick a small order sequence such that a,/n — 0, asn — 0. In
fact, the smaller the order of a,, the better the upper bound.

As discussed before, the bp distance is left invariant, and hence

for any x # y € S,. It is not hard to see that, for any permutation, the probability to

be a median of &1, , & is too small, and this probability indeed converges to 0, as
n tends to oc.

13



Proposition 5. Let é"), cee ,(cn) be k permutations chosen independently at random
from S,,. For any m, € S, as n — o0,

P(m, € My (&, ™)) — 0.
Proof. We denote by fi,, ; the median value of §1n), cee ,(Cn). From Jamshidpey et al
(2014), for any arbitrary sequence (a,)22; with a, — oo we have
an

in probability. This also follows from Theorem 2. On the other hand, for any m,, € Sy,
Proposition 4 implies that

= —0
an

Z d(ﬂ-’nvgz(n)) —-n dT(ﬂ-n7{€§n)7“' 7§I(gn)}) — kn
N an
=1
in probability. Thus m,, cannot be a median for {f%n), NS lin)}, with high probability,
and the proposition follows. O]

Although, the probability to be a median is too small, to study the expected
number of medians of £, - - - , &, it is important to find its exact value. It is clear that
P(z € M(&)) = 1/n! for any x € S,,. However as M,,(£1,£2) = [£1,&2], we obtain

n " , 5721 : ,7 2 1 2
Pl € My (", ef)) = Lnv2) € e ol 2, (m) |

For k random permutations one can use the notion of accessible points introduced
in (Jamshidpey, 2016, Chapter 4) and (Jamshidpey et al, 2014, Theorem 2) to get a
similar crude lower bound

<k> {(y1,92) € 7 = @ € [y1, 2]}
2 (nh)k

for the probability to be an a,-approximate median for any permutation x, a, — oo
as n — 0o.
So far, we have seen that

IP(|M7L(£17 e a£k)| S |$n,an(£17 e 7£k)|) — ]-7

and
]E|Mn<£la >§k)| S E‘jn,o;ﬁ(glf" 751@)'7

where OF = O0,,(&1,- -+, & ). The next theorem indicates how the approximate median
inverse set helps to find the expected number of c-approximate medians for a set of
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random permutations, for any given ¢ > 0. To state the result, for ¢ > 0, let
P ) = {1, ) € (TODF 2 A \UJ| <ch,

and note that for ¢ = 0, this definition is identical to the one in (4).

Theorem 3. Let n, k be natural numbers, and let ¢ > 0 be a real number. Also let ©
be a permutation in S,. Then

. S 2 Cl
E‘gn,c(g]_ )7 ) ](c ))|:W’
where 5 -
Zodm= U AT X X HD ),
(J1rendr)EPL) ()
and

k
L, k()] = > [T

(J1rdi)e@ (") (m) =1
Proof. From the definition

2. (7)]
o (mDE

For z € S,, let the indicator random variable §§ = 1 if x € fmc(ﬁln), cee ,(Cn)) and
let § = 0 otherwise. It is then clear that

IP(']T S gn,c( gn)v Ty ](cn)))

n n c | nkc ”
E”thﬁ( g %"' ( )| - j{: H35 = 4““‘3%4447'

TESy

We must now count the number of elements in fn ko(m) in terms of " ( i), for

¢> 0. As in the case of ¢ =0, let J = (J1, ..., Jx), T = (J1, ..., J}.) € f@k’c (m), such
that J # J', then

(HD (1) % o x HO(T)) N (H () x . x H (L)) = 0.

Now, if (x1,...,2x) € L~

n, kc

inUF_| A, Therefore there exists (Jq, ..., Ji) € ,@lgnc) (7) such that, for any i = 1, ..., k,
Az o, = J; implying that (z1, ..., zx) € ’ngn)(Jl) X . X ’ngn)(Jk). On the other hand, if

(m), then there exist at most ¢ adjacencies of 7 that are not

(@1, k) € U HI(J) % oo x HID (),
(J1rendn)EP) (1)

15



then there exists (Ji, ..., Jx) € z@,gnc) (r) such that z; € HY(J;), for i = 1,.... k, and
so Ax z, = J;. Thus

k k k
AW\ U Ji:A‘fr\ U Aﬂ',zi :Aﬂ\ U-Azq
i=1 i=1 =1

Therefore, | Ay \ U Agz,| < ¢, and thus, (z1,...,7x) € gnkc( )- O

=1

Remark 3. We have

n . -1 —1—1
2= ("] e -
i=0 !
To see this, for any segment set J of ™ with i adjacencies, for 0 <1i < c, we partition
A\ J into 28 — 1 segment sets JA, 0 # A C [K], and let J; = = Unsicada. Each

(Ji, -, Jy) € @é?(w) with A, \ (UX_,J;) = J is determined by one and only one

such partition of A; \ J. Having (2 — 1)” =i such partitions, the claim is proved.
We have so far seen that to estimate |.Z k. C( )|, for ¢ > 0, we need to count the

number of elements of H\"' ( ;) for (J1,...,Jx) € @,inc)(ﬁ) In addition to its use for
counting the approximate medians as indicated in Theorem 3, for given 7 and I,
H(I) can help to understand the mechanism under which a permutation m becomes
a median of k other permutations. Roughly speaking, for any 7 € S,,, we first parti-
tion A, into 2F disjoint segment set Ja, A C [k] with \J@| < c. Let J; = UAZEAJA
and J = Jy. In fact J is the set of all adjacenmes of 7 included only in J;, i € A and
not included in Jj, j ¢ A. For each i = 1,--- ,k, we then construct all permutations
x € Hr(J;) that do not have any adJacency in common with 7 except those in J;.
Then for any choice of x1,--- ,z) with z; € Hx(J;), we have m € £, | 7(z1, -, T)
and d(z;, ) =n—1—|J;]. Thlb, in addition, will provide an efficient way to generate
a c-approximate median 7 of k random permutations &;, - - , £, with breakpoint dis-
tances d(&;, ) = d;, for any dy, -+ ,dr > 0 with dy +---d, — (k—1)(n—1) < ¢. More
precisely, sample a random permutation £ and sample k£ independent random segment
sets Iy,--- , I from &; I, --- , I} may intersect. We construct random permutations
& from I;, ¢ = 1,---  k by, first, assigning a random direction to the segments of I;,
in one of the 21l different ways, and then, rearranging the segment sets and points
of [n] which are not present in I;, such that A; ¢, = I;,. As a result we have random
permutations &; - - - , & with a c-approximate median £ such that d(§,&;) = d;.

The rest of the paper is devoted to a more detailed analysis of H,(I). We give

an explicit representation for the number of elements in " ( ;); see Theorem 4. To
establish this, for J € Z(" | let

Rn(J)={xze€S,: JC A}
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Then, by inclusion-exclusion principle we have

M@= Y FDTVIRL(I)): (9)

ICJCAx

To simplify this further, we introduce the type of a segment set J, I C J C A, and
we will see that the value of |R,,(+)] is identical for two segment sets of the same type.

Formally, let I, := A, \ I, and denote by 1:7(71), fori=1,....||I||+1, the i-th segment of
I, (i-th from the left when considered as a segment of 7). Note that fﬁl)and L(r”IHH)
may be empty segments. The type of a segment set J € Z("), where I C J C A, with
respect to m and I, is identified by A= (AL, oo, Ajrij41), where, for i =1, [[T]|+1, X\
is identified by the quadruple \; ()\(1) )\(2) )\(3) /\(4)) € NxNx{0,1}x{0,1}, where
)\(1) |Jﬂ] )| is the number of common adjacencies of J and I%; )\(2) ||Jﬂf7(ri) || is

the number of segments of intersection of J and L(TZ ; )\53) =0and, fori =2,....||I]|+1,
)\(3) = 1 if the leftmost adjacency of E(f) is also in J and otherwise )\1(.3) = 0; and

finally >‘HIH+1 0, and for i = 1,..., |||, )\(4) =1 if the rightmost adjacency of I s

also in J and otherwise )\( ) = 0. The next theorem counts the elements of H(n)( I).

Theorem 4. Let 7 be a permutation in Sy, and I € T be a segment set contained
in w. Then

VL ) I T 4 (1) i) (D)
SRS O N} I O
(n) = — i= ‘ Y .
e =3y 5] [(A@l) (1o L5 _m)| =

A i=1 i

[IT][+1 IT]l+1 || T]|4+1
NUGSPIES (A<3’+A(4>>}
£ — 1| - Z AMES - (10)

where the summation is over all A= ()\; )Hﬂﬂ with \; = ()\(1) )\(2) )\(3) )\(4)) belongs
to {1, .., |1} x {1, ..., min{ A |19 +1 = A1) x {0, 1} x {0, 1}.

To prove Theorem 4, we need the following lemmas.

Lemma 1. Let I be a segment set of S,, with m adjacencies and k segments. Then
the number of permutations in S, containing I is equal to 2F(n —m)!.

Proof. As the segment set I has m adjacencies and k segments, each permutation
containing I has n—m—k points (genes) which are not used in I. Noting that segments
have two directions, we then have 2% (k + (n —m — k))! permutations containing 7. [J

Lemma 2. Let I,J € I andw € S,,, such that I C J C A,. Let A\ = (A r<i<ry+1s
with A; = ()\l(-l), )\52), )\53), )\54)), fori=1,..||I||+1 be the type of J with respect to
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and I. Then

ILi+1 [FE=S I7]]+1
{1+ X AP = 2 Py
Ra(n =2 & T A (=11 = 37 AP

=1

Proof. We have
I1]]+1 I1+1

1= 171+ 30 A2 = >0 P + 487,
i=1 i=1
and also the number of adjacencies of J is equal to

Il71+1
=111+ 30 b
=1

Therefore, Lemma 1 finishes the proof. O

Lemma 3. Let 7 € S, and I € I"). The number of segment sets J, with
I ¢ J C Ax and with type X = (Ni)i<i<|r)+1 with respect to m and I, where

A= AW AD A ADY ford =1, I+ 1, s

T
L 1)) B @ )

i=1

Proof. The idea is to consider segment 1:7(Ti) as a permutation and count the number of
possible ways one can choose a segment set J; from it with )\1(-1)
and )\52) number of segments. More explicitly, for ¢ = 1,..., ||| + 1, if ()\53)7)\1(,4)) =
(1,1), then the number of ways we can do this is equal to the number of solutions of
two independent equations

number of adjacencies

Xi+ o+ X o =AY,

with X; > 1, for i = 1,...,)\52), and Yo + ... + Y, = |I_,(Ti)| — /\51)7 with Y; > 1, for
=2, ...,)\52) — 1, which is equal to

N N L YR Y N A YR
(AE” - 1) ( AP —2 ) B (AZ@) - 1) (A?) — A AE‘“)

K2

since )\53) + )\54) = 2. Similarly, for the cases (/\§3),/\Z(.4)) = (0,0),(0,1),(1,0), we can
prove that the number of ways one can choose a segment set J; from it with )\1(-1)
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number of adjacencies and /\52) number of segments is

A =1y =AY -
(A@) = 1) <A§2> — AP A§4>)'

7 7

Multiplying all possibilities for ¢ = 1,...,||I|| + 1 yields the result. O

Proof of Theorem 4. The proof is a direct application of Lemmas 2 and 3, and (9),
the inclusion-exclusion principle. O

5 Discussion

We introduced the notion of median inverse and used it to study the probability
that any given permutation x € S, is an approximate median of k& permutations
X = {én), . ,Ey(in)} chosen uniformly and independently at random from S,. Due
to the left-invariance of the breakpoint distance, this probability is the same for all
permutations in S,,. Consequently, we computed the expected number of approximate
medians of X. The key was to observe that any median of X’ can have at most O,,(X)
adjacencies not from the set U¥_; A¢,. We showed that O,,(X) is relatively small, and
as n — 00, O,(X)/a, — 0 in probability for any diverging sequence (an)nen-

To determine the probability of a permutation x being an approximate median
of X, we required to find the size of the approximate median inverse set %, 1. .. Our
counting technique relies on partitioning the set of adjacencies of any given permu-
tation z into 2% parts. Each part Jy4, indexed by a unique subset A C [k], specifies
the adjacencies of x that should be present in a permutation z; for i € A and absent
in all other permutations z; for j ¢ A. We define J; = UAg[k]:ieAjA as the set of
adjacencies of = present in x;. By completing the segment set J;, it becomes straight-
forward to count the number of possible ways to construct x; such that A, ., = J;.
The count of such constructions, denoted by H,(.J;), is computed in Theorems 3 and
4. As discussed after Remark 3, this approach also offers an efficient means to generate
a c-approximate median 7 from k random permutations &, -« ,&; with breakpoint
distances d(&;, ) = d;, for any dy,--- ,d > 0 where dy +---dy, — (k—1)(n—1) < ec.

Geodesic points, which represent the intermediate permutations between two given
permutations and serve as their medians, play a crucial role as they are instrumental
in constructing accessible median genomes (Jamshidpey et al, 2014). By employing the
techniques outlined in this study, we can establish an upper bound for the expected
number of geodesic points between two randomly selected permutations. This bound,
in turn, is very useful in analyzing geodesic point density, providing valuable insights
into its implications for comparative genomics.

In summary, not only does our analysis computes the chance of a permutation serv-
ing as an approximate median of random genomes, but it also establishes a systematic
method for generating such medians efficiently. Our findings provide a foundation for
algorithmic approaches to quantify these probabilities effectively. Although the com-
putations presented in this paper focus on unsigned linear unichromosomal genomes,
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it is important to emphasize that our methodology readily extends to all genome
types. Therefore, analogous results can be obtained for signed, unsigned, unichromo-
somal and multichromosomal genomes with linear and/or circular chromosomes. This
work holds significant promise for advancing our understanding of breakpoint median
genomes, and offers a robust framework for future exploration and application.
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