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Abstract
We outline a principled approach to the analysis of duplicate gene similarity
distributions, based on a model integrating sequence divergence and the process
of fractionation of duplicate genes resulting from whole genome duplication
(WGD). This model allows us predict duplicate gene similarity distributions for
series of two or three WGD, for whole genome triplication followed by a WGD,
and for triplication, followed by speciation, followed by WGD. We calculate the
probabilities of all possible fates of a gene pair as its two members proliferate or
are lost, predicting the number of surviving pairs from each event. We discuss
how to calculate maximum likelihood estimators for the parameters of these
models, illustrating with an analysis of the distribution of paralog similarities in
the poplar genome.
Keywords: mixture of distributions; fractionation; probability model

Introduction
Speciation creates a set of orthologous gene pairs involving all or almost all genes
in the two daughter genomes, and these pairs all evolve according to a dynamic of
decaying similarity as gene sequence and amino acid sequences inexorably diverge
through random single nucleotide mutation. Whole genome duplication (WGD)
creates a set of paralogous pairs involving all genes in the affected genome, and
these pairs also diverge through the same processes of random mutation. In addition,
paralogous pairs may disappear through the process of fractionation, whereby one
of the two genes is excised, pseudogenized or otherwise removed as a recognizable
coding gene.
A widespread practice in comparative genomics is to infer the nature and timing
of evolutionary events through the examination of the distribution of similarities
between orthologous or paralogous gene pairs. This is done by identifying local
modes or peaks in the distribution, and inferring that duplications around these
points were generated by speciation or WGD events. The identification of the peaks
may be accomplished by visual inspection or, if the data seem noisy, by software
available for the analysis of mixture of normal distributions, such as Emmix [1].
There is, however, no rigorous methodology for interpreting the volume of the
individual normal distributions inferred by such general methods. Indeed, many
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possible outputs may not conceivable as produced by genomic events. Moreover,
there is a general tendency to overfit – to infer components of the mixture that are
really just relect statistical fluctuation in the data.
In this paper, we outline a principled approach to the analysis of duplicate gene
similarity distributions. It is based on the simplest, one-parameter model of sequence
divergence, as well as an equally simple, one-parameter model of the fractionation
process. We extend this to build models of a series of two or three WGD, of whole
genome triplication followed by a WGD, characteristic of the core eudicots, and of
a triplication, followed by a speciation and then a WGD in one of the two daughter
species. In all these cases, we calculate the probabilities of all possible fates of a gene
pair as its two members proliferate or are lost, to predict the number of surviving
pairs from each event. To our knowledge, this is the first method to account for the
volume of the component normals of a distribution of similarities, preliminary to
an evolutionarily meaningful inference procedure.
We also outline how to infer the parameters of a model, using maximum likelihood
methods. We illustrate with an analysis of the distribution of paralog similarities in
the genome of the poplar, Populus trichocarpa.
We will conclude with a detailed discussion of the advantages and difficulties of
our approach and detailed proposals for further research.

The building blocks
We model gene pair divergence in terms of a probability p reflecting similarity – the
proportion of nucleotide positions that are occupied by the same base in the two
orthologs (or paralogs), although the same principles hold for synonymous distance
Ks – the proportion of synonymous changes (not affecting translation to an amino
acid) over all eligible positions, or fourfold degenerate synonymous distance 4dTv –
the transversion rate at fourfold degenerate third codon positions [2].
We represent by G the gene length, in terms of the number of nucleotides in the
genes’ coding region, setting aside for the moment that this varies greatly from gene
to gene. We assume p follows the normal approximation to the sum of G binomial
distributions, divided by G, and is related to the time t ∈ [0, ∞) elapsed since the
event that gave rise to the pair:
mean : E[p]

=

variance : E(p − E[p])2

=

1 3 −λt
+ e
∈ [0, 1]
4 4
3 (1 + 3e−λt )(1 − e−λt )
,
16
G

(1)

where λ > 0 is a divergence rate parameter.
In practice, p for duplicate gene pairs is generally much greater than 0.25, so we
base our analysis on those pairs with similarity greater than, say, 0.5.
Fractionation, the loss of one gene (and only one) from a pair, is represented by
a parameter u ∈ [0, 1], representing the probability, for a pair of genes, that neither
gene is lost over a time interval of length t. The assumption that any gene pair has
a constant probability (over time) of being fractionated entails
u = e−ρt ,

(2)
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where ρ is the fractionation parameter.
Thus, in the case of a single WGD, the mean of the distribution of duplicate gene
pair similarities is an estimate of p (and also leads to an estimate of t), and the
number of pairs compared to the number of unpaired genes provides an estimate of
u (and of ρ).

Two WGD
Consider a genome that has undergone two successive WGD.
scenario
-t1

cases t1+t2
pairs

-t2

(1)

probability

4+2=6

scenario
-t1

uv2

We denote by

cases

t1+t2
pairs

probability

(1)

0+1=1

(1 - u)v

(1)

0+0=0

(1 – u)(1 – v)

-t2

2+1=3 uv(1 – v)
(2)

(1)

2+1=3 uv(1 – v)

1+0=1 u(1 – v)2

Figure 1 Components of the number of surviving pairs created by WGDs at t1 and t2 .

“t1 -pairs” and “t2 -pairs” those duplicated gene pairs created at t1 and t2 respectively, with expected similarities p1 and p2 . For fixed ρ, u and v are functions of t1
and t2 only, representing the probabilities e−ρ(t1 −t2 ) and e−ρ(t2 −0) = e−ρt2 , respectively, for a pair of genes present at the start of the time interval, that neither gene
is lost by the end of the interval. Note that in this and later models, we assume,
for simplicity, that a fractionation regime from one WGD is supplanted by that set
into operation by the next WGD. That is, fractionation involving older pairs i no
longer operative.
In Figure 1, let
A

= E(t1 pairs)
=

4uv 2 + 4uv(1 − v) + u(1 − v)2

= u(1 + v)2
B

= E(t2 pairs)
=

2uv 2 + 2uv(1 − v) + (1 − u)v

= v(1 + u)
C

(3)

(4)

= E(unpaired genes)
=

P (A)

(1 − u)(1 − v)

=

proportion of t1 pairs

(5)
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A
A+B+C
P (B) = proportion of t2 pairs
B
=
A+B+C
P (C) = proportion unpaired
C
=
A+B+C
=

(6)

(7)

(8)

For a fixed gene length G and λ, let Np (s) be the density at point s of a normal
distribution with mean p and variance p(1−p)
G . The probability that gene pair will
be observed to be with similarity s ∈ [0, 1] is
Q(s) = P (A)Np1 (s) + P (B)Np2 (s).

(9)

and the probability of an unpaired gene is
Q∗ = P (C).

(10)

The likelihood of a data set with gene pairs at s1 , . . . , sl and k unpaired genes is
L = Πli=1 Q(si )Q∗k .

(11)

The log likelihood L = log L is

L =

l
X

log Q(si ) + k log Q∗

i=1
l
X
=
[log(P (A)Np1 (si ) + P (B)Np2 (si ))] + k log Q∗

(12)

i=1

There is no closed form for the maximum likelihood of a mixture of normals, so
in practice we use numerical means such as Newton-Raphson or an EM algorithm
to derive the MLE.

Three WGD
Consider now three successive WGD affecting a genome (for example the τ, σ and
ρ WGD that occurred in the common ancestor of the cereals [3]). The scenarios
producing various numbers of gene pairs of various ages are depicted in Figure 2,
where u, v and w are the retention probabilities for pairs produced at t1 , t2 and t3 .
E(t1 pairs)

=

(1 − 3w2 + 2w)uv 2 + (2 + 6w2 + 4w)uv + (1 + w2 + 2w)u

E(t2 pairs)

=

((1 + w2 + 2w)u + 1 + w2 + 2w)v

E(t3 pairs)

= −2uv 2 w2 + ((2w2 − w)u + w)v + uv + w

E(unpaired)

=

(1 − u)(1 − v)(1 − w)

(13)

From this analysis, we can predict the number of pairs remaining from the each
of the three events, and perform MLE calculations to determine the parameters.
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Figure 2 Components of the number of surviving pairs created by WGDs at t1 , t2 and t3 . See
Figure 1 to interpret the content of the various columns.

Whole genome triplication followed by WGD
The core eudicots contain more species than all the other groups of flowering plants
combined. A whole genome triplication occurred in the eudicot lineage just before
the emergence of the core eudicots, and a large proportion of these have undergone
further WGD. The model analyzed in Figure 4 is appropriate for this case. Here
(u0 + 3u000 )v2 + (2u0 + 6u000 )v + b + 3u000

E(t1 pairs)

=

E(t2 pairs)

= −3u000 v3 + 3u000 v2 + (1 + 2u000 − u0 )v

E(unpaired)

=

= (1 − u000 − u0 )(1 − v)

(14)

The effect of speciation
Up to now we have considered only WGD events, including triplications. In comparing two species, there are peaks at times corresponding to their shared WGD,
followed by a single peak dating from their speciation event, but no further peaks.
Figure 4 contains the analysis of a whole genome triplication, followed by a speciation event, and a further WGD in one of the daughter genomes. Here the distribution
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Figure 3 Components of the number of surviving pairs created by a whole genome triplication at
t1 and a WGD at t2 .

of orthologous gene pair similarities is predicted by:
E[t1 pairs]

=

(6u000 z 2 (1 − z) − 30u000 z(1 − z)2 + 12u000 z(1 − z)
+30u0 z(1 − z)2 )v3
+(30u000 z(1 − z)2 − 60u0 z(1 − z)2 )v 2
+(2u0 z(1 − z) + 2u0 z 2 + 6u000 z 2 (1 − z) + 6u000 z 3
+30u0 z(1 − z)2 )v
+2u0 z 2 + 12u000 z 2 (1 − z) + 6u000 z 3 + 2u0 z(1 − z)

E[t2 pairs]

=

000 3

000 2

000

2

0

(15)
2

(3u z + 12u z (1 − z) − 9u z(1 − z) + 6u z(1 − z) )v 3
+(−9u000 z 3 + 15u000 z(1 − z)2 − 18u000 z 2 (1 − z)
−24u0 z(1 − z)2 )v 2
+(1 − u000 − u0 + 2u0 z(1 − z) + 12u0 z(1 − z)2
+2u0 z 2 + 12u000 z 3 + 24u000 z 2 (1 − z))v
1 − u000 − u0 + 2u0 z 2 + 2u0 z(1 − z)

(16)

The case of Populus trichocarpa
Though the work we have presented consists of combinatorial models, and the inference procedures are not implemented in a user-friendly package, we did analyze

Zhang et al.

Page 7 of 9

-t1

-t2

-t3
(1)

-t1 -t2

-t1 -t2

-t1 -t2

-t1 -t2

-t1 -t2

-t1 -t2

-t1 -t2

-t1 -t2

12 +6
u’’’v3z3

(3)

(3)

8 +4
u’’’v3z2(1-z)

4+2
u’’’v3z(1-z)2

-t3

(3) 10+5
u’’’v2(1 – v)z3

(3)
6+4
u’’’v2(1 – v) z2(1-z)

(6)
5+3
u’’’v2(1 – v) z2(1-z)

(6)
3+2
u’’’v2(1 – v)z(1-z)2

4+1
(3)
u’’’v2(1 – v)z(1-z)2

(3)
8+4
u’’’v(1 – v)2z3

(6)
5+3
u’’’v(1 – v)2z2(1-z)

(3)
4+2
u’’’v(1 – v)2z2(1-z)

(3)

2+2
u’v(1-v)2z(1-z)2

(6)

(1)
6+0
u’’’(1 – v)3z3

(3)
4+0
u’’’(1 – v)3z2(1-z)

(3)

2+0
u’v(1-v)2z(1-z)2

-t3
3+1
u’v(1-v)2z(1-z)2

-t3

-t3
(1)

4+4
u’v2z2

(2)

2+2
u’v2z(1-z)

(2)

3+3
u’v(1-v)z2

(2)

1+2
u’v(1-v)z(1-z)

(1)

2+2
u’(1-v)2z2

(2)

1+1
u’(1-v)2z(1-z)

(1)

0+2
(1-u’’’-u’)v

-t3
(2)

2+1
u’v(1-v)z(1-z)

-t3

-t3

-t3

(1)
0+1
(1-u’’’-u’)(1-v)

Figure 4 Components of the set of surviving orthologous pairs in two species diverging at time t2
after a (shared) WGD at t1 , where one species undergoes a second WGD at t3 . Components
ordered vertically according to increased fractionation in the genome with the additional WGD,
and ordered horizontally according to increased fractionation in the genome with no additional
WGD (dashed lines). Number of cases of same component with different labelling in parentheses.
“x + y” indicates x pairs dating from the common WGD and y pairs created by the speciation
event.

one data set using functions on the R platform according to the model in the previous section. We extracted data on the poplar genome [4] from the CoGe platform
[5, 6], and calculated gene pairs, producing the distribution of similarities in Figure
5. In estimating the parameters using our preliminary code, we were confined to
sampling 500 out of the 13,000 pairs. Running the program repeatedly, the results
were quite reproducible.
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Figure 5 The distribution of duplicate gene similarities in poplar. The estimation giving rise to the
density depicted (in blue) is based on a sample of 500 pairs out of the 13,000 in the histogram.
The broadening of the peak representing a recent WGD (at p = 0.89) is partially due to the
inclusion of highly similar pairs, possibly alleles of the same gene. The small volume of the earlier
peak is reflected in very small estimates of u000 and u0 , less than 0.1, compared to about 0.5 for v.

Conclusions and directions for further work
We have presented the first model of the simultaneous processes of duplicate gene
divergence and fractionation of in the evolution of one or more species affected
by WGD. This allows the prediction of both the location, shape and amplitude of
the evolutionary signals, both speciation and WGD, contained in pairwise genome
comparisons.
The parameter G affects the spread of the normally distributed contribution by
an individual event to the overall distribution of gene pair similarities. It reflects
the length of a gene, in terms of the number of nucleotides in the coding sequence,
or of the number of synonymous sites, or of the number of four-fold degenerate
sites. Length, however, is variable, from gene to gene, and from genome to genome,
degrading the signal in the empirical distribution of similarities. One important
direction for further work would be to incorporate the known properties of gene
length distribution into the theory. Conceptually, this should pose little problem
since since G is approximately log-normally distributed [7], so that σ 2 in equation
(1) can be adjusted directly.
Duplicate genes are also produced by mechanisms other than WGD. These can
be largely avoided by requiring pairs to be corresponding syntenic contexts when
extracting them from the data. This eliminates most of the problems due to tandem
gene duplicates.
The assumption of a constant rates of gene divergence is another first order simplification made for analytical tractability, reducing as far as possible the number
of parameters to be estimated. Rates in fact are variable among genes, between lineages, and over time [8]. Though small differences in rates may not be a overriding
concern in the study of a sequence of events in a single genome, neglect of these
differences may lead to serious errors in speciation-WGD-based phylogenetics [9].
Our approach allows for the introduction of rate variation, while controlling the
number of parameters to be estimated.
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While differences in divergence rates of gene pairs within and among genomes is
relatively well understood, the same is not true of fractionation rates. There are
a few quantitative studies of fractionation in the short term [10] and long term
[11], but little coherent comparative literature at the whole genome level. There
may be great variability of rates consequent to different events, due to the presence
or absence of subgenome dominance in allopolyploids versus autopolyploids [12],
the combination and timing of composite events giving rise to hexaploidy, e.g., in
the Solanaceae ancestor [13], and other factors, making comparisons difficult. Our
approach offers a new way of estimating fractionation rates, allowing different rates
after different events or in different lineages.
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