
Simultaneous Solution of the RNA Folding, Alignment and Protosequence Problems
Author(s): David Sankoff
Source: SIAM Journal on Applied Mathematics, Vol. 45, No. 5 (Oct., 1985), pp. 810-825
Published by: Society for Industrial and Applied Mathematics
Stable URL: http://www.jstor.org/stable/2101630 .
Accessed: 16/03/2011 16:07

Your use of the JSTOR archive indicates your acceptance of JSTOR's Terms and Conditions of Use, available at .
http://www.jstor.org/page/info/about/policies/terms.jsp. JSTOR's Terms and Conditions of Use provides, in part, that unless
you have obtained prior permission, you may not download an entire issue of a journal or multiple copies of articles, and you
may use content in the JSTOR archive only for your personal, non-commercial use.

Please contact the publisher regarding any further use of this work. Publisher contact information may be obtained at .
http://www.jstor.org/action/showPublisher?publisherCode=siam. .

Each copy of any part of a JSTOR transmission must contain the same copyright notice that appears on the screen or printed
page of such transmission.

JSTOR is a not-for-profit service that helps scholars, researchers, and students discover, use, and build upon a wide range of
content in a trusted digital archive. We use information technology and tools to increase productivity and facilitate new forms
of scholarship. For more information about JSTOR, please contact support@jstor.org.

Society for Industrial and Applied Mathematics is collaborating with JSTOR to digitize, preserve and extend
access to SIAM Journal on Applied Mathematics.

http://www.jstor.org

http://www.jstor.org/action/showPublisher?publisherCode=siam
http://www.jstor.org/stable/2101630?origin=JSTOR-pdf
http://www.jstor.org/page/info/about/policies/terms.jsp
http://www.jstor.org/action/showPublisher?publisherCode=siam


SIAM J. APPL. MATH. ? 1985 Society for Industrial and Applied Mathematics 
Vol. 45, No. 5, October 1985 008 

SIMULTANEOUS SOLUTION OF THE RNA FOLDING, 
ALIGNMENT AND PROTOSEQUENCE PROBLEMS* 

DAVID SANKOFFt 

Abstract. The alignment of finite sequences, the inference of ribonucleic acid secondary structures 
(folding), and the reconstruction of ancestral sequences on a phylogenetic tree, are three problems which 
have dynamic programming solutions, which we formulate in a common mathematical framework. Combining 
the objective functions for alignment (parsimony, or minimal mutations) and folding (free energy), we 
present an algorithm which solves all three problems simultaneously for a set of N sequences of length n 
in time proportional to n3N and storage n2N. Incorporating a "cutting corners" constraint against biologically 
unlikely alignments reduces these requirements so that they are proportional to n3 and n2, respectively, for 
fixed N. 

1. Introduction. The dynamic programming comparison of sequences finds wide- 
spread applications in molecular biology, in the detection and evaluation of similarities 
between two (or more) nucleic acid sequences or protein sequences. The optimal 
alignments obtained through this method indicate structural and functional similarities 
among the sequences. When three or more sequences are aligned, another dynamic 
programming algorithm is available to reconstruct the protosequence, or ancestral 
sequence common to all of them. Dynamic programming is also the best algorithmic 
approach to a third problem, that of inferring, from a given sequence of terms 
representing a ribonucleic acid (RNA) molecule, how this molecule "folds" in space, 
how certain segments come into contact with other regions of the sequence, and 
chemically bind with them to form a thermodynamically stable secondary structure. 

In practice, whether or not they make use of formal algorithms, molecular biologists 
often carry out RNA sequence alignment and folding analysis in conjunction, so that 
partial information about what regions of two or more sequences are highly similar, 
and hence aligned, can be used to constrain the search for a common secondary 
structure-and vice versa-the discovery of common folding possibilities among two 
or more sequences suggests that the pertinent regions be aligned. 

In this paper we incorporate the mutually informative nature of folding and 
alignment into a single algorithm for producing both, optimizing a linear combination 
of the objective functions used when the problems are treated separately. An N- 
dimensional generalization of the alignment method to the problem of protosequence 
reconstruction allows us to incorporate this latter task as well, so that all three are 
carried out simultaneously. 

Dynamic programming for complex problems tends to be computationally expen- 
sive. We avoid this here through the judicious combination of a number of biologically 
well motivated (and previously studied) constraints on the set of possible alignment 
and folding solutions. Thus the computation time necessary for our most general 
algorithm is proportional to n3K N where N is the number of sequences being analyzed, 
n is the length of the longest sequence and K is a small (relative to n) integer constant. 
Our approach here will be first to develop the case N =2, and then to present the 
algorithm for general N. 

In mathematical biology, dynamic programming for sequence comparison was 
introduced by Needleman and Wunsch (1970), an efficient (quadratic) form of the 
algorithm by Sankoff (1972), and a general distance function for evaluating alignments 
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by Sellers (1974a, 1974b). The material in the next section, including Theorem 1, is 
based on this work. The current state of the field and related areas is represented by 
the papers in Sankoff and Kruskal (1983) and the review by Waterman (1984). The 
use of dynamic programming for secondary structure inference was published first by 
Waterman (1978), Nussinov et al. (1978) and Waterman and Smith (1978); our 
statements of Theorems 2 and 3 are phrased in terms of Sankoff et al. (1983) and 
Zuker and Sankoff (1984), who synthesize and advance a series of improvements in 
algorithmic efficiency including the Nussinov et al. paper, Zuker and Steigler (1981) 
and Mainville (1981). In the section on protosequences, which deals with generaliz- 
ations to more than two sequences, recursion (16), Theorem 5 and their applications 
have previously been discussed by Sankoff et al. (1973), (1976), Sankoff (1975), Sankoff 
and Rousseau (1975), Sankoff and Cedergren (1983) and Waterman (1984). 

2. Alignments. Let a = al, * * *, am and b = bl, * * *, bn be sequences of terms from 
any set i. (For RNA, the set is {A, C, G, U}, but this fact plays no role at the level 
of generality we shall adopt.) An alignment of a and b is defined by two integer 
sequences 1 ' il < i2< ... < ir m and 1 .':jl <I2<j2 ] * * - n. Let s be the number 
of pairs (ik, Ik) such that aik $ bk. Then for any x > O and y _ 2x we may define the cost 
of the alignment to be 

(1) (m+n-2r)y+sx. 

This may be interpreted, as in Fig. 1, as the cost of converting a into b by replacing 
each aik by bik in the s cases in which they are not equal, with unit replacement cost 
x; by deleting the m - r terms from a which are not aligned (not indexed by an ik); 

and by appropriately inserting the n - r terms of b which are not aligned (not indexed 
by a jk). The cost of each deletion and insertion is y. Note that (1) is also the cost of 
converting b into a. This interpretation is biologically meaningful in terms of the 
explanatory cost of models of evolutionary divergence of the two sequences as measured 
by the number and kind of mutational events (replacements, insertions and deletions) 
implied by the alignment to account for the change from a to b, or vice versa, or from 
some common ancestor sequence to a on one hand and to b on the other. 

A-al *-- a8 = GAGCACGU 

=b *-b6 = CUUACG 

Alignment: 2,4,5,6,7 with 1,2,4,5,6 

Interpretation: G A G C A C G U 
4 / I i 
C U U A C G 

delete al, a3 a8, insert b3 

replace a2 by b.1, and a4 by b2 

FIG. 1. Interpretation of an alignment. m = 8, n = 6, r = 5, s = 2. 

The distance between a and b is the cost of the optimal alignment, i.e., the minimum 
alignment cost possible (most parsimonious evolutionary model) for fixed x -and y. 
(That this is a metric on the set of finite sequences is easily verified.) The dynamic 
programming solution to finding the optimal alignment is summarized as follows. 

THEOREM 1. For 1 ' i'j' m and 1 h' kS n, let D(i,j; h, k) be the minimum 
alignment cost between the partial sequences ai, * * *, aj and bh, * * *, bk. Then for i <j 
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and/or h < k 

D(i,j; h, k-1)+y 

(2) D (i, j; h, k) = min D(i,j-1;h,k-l)+x ifa1jbk, 
(2) ~~~~~~~~~D(i,j- 1; h, k -i) if aj= bk, 

D(i,j-1; h, k)+y 

D(i+ 1,j; h, k)+y 
.1 D(i+1,j;h+1,k)+x ifai,bh, 

(3) = mini D(i+ 1,j; h + 1, k) if ai = bh, 

LD(i,j; h+1, k)+y 

with initial conditions 

D(i i h h) {x if ai 5$bh, \l,l~,J0 if ai = bh 

for 1ci?m and 1 h n. 
Proof In the optimal alignment of ai, ** , aj and bh,.*. , bk suppose there are r 

aligned pairs, s of which are unequal. Then either 
(i) Both aj and bk are aligned, in which case they must be aligned with each 

other, constituting the rth aligned pair. Then from (1), 

D(i,j; h, k)=(j-i+1+k-h+1-2r)y+sx 

{((j-1)-i+1+(k-1)-h+1-2(r-1))y+sx 
(((j-1)-i +1+ (k-i)- h+1-2(r- l))y+(s- 1)x+x 

JD(i,j-1; h, k-1) if aj= bk, 

,D(i,j -1; h, k -1) +x if a> #bk 

since removing this pair must leave us with an optimal alignment of ai, , aj-, and 
bh, , bk-1, or 

(ii) at most one of ai or bh is in the rth aligned pair and 

D(i,j; h, k) = (j- i+ 1+ k- h+ 1 -2r)y+sx 

(5) = ((j+ k -1) - i+ 1 - h + 1 -2r)y+ sx+y 

[D(i,j-1; h, k)+y ifaj is not aligned, 

ID(i,j;h,k-1)+y ifbkisnotaligned 

since removing either aj or bk if they are not aligned must leave us with an optimal 
alignment of ai, - * *, ajp4 and bh, * - *, bk, or of ai, - * *, aj and bh, * * *, bk-1, respectively. 
This proves (2); recurrence (3) is proved similarly, by focusing on the first aligned 
pair rather than the rth. 

The initial conditions derive from the alignment of the single-term sequences ai 
and bh, so that depending on whether these terms are identical or different, the best 
alignment will involve exactly zero or one replacement, respectively. O 

An algorithm for calculating D(i, j; h, k) for all 1-i_j_ m and 1ch_ kc n, 
then, consists of applying recurrences (2) and (3) to all m2n2 4-tuples (i,j, h, k) in any 
order (there are many) in which (i+1,j, h, k), (i+1,j, h+1, k), (i,j, h+1, k), (i,j- 
1, h, k), ( i, j - 1, h, k - 1) and (i, j, h, k - 1) are processed before (i, j, h, k). This requires 
computing time proportional to m2n2, or approximately n4 if m - n. Later in this paper 
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we will need values of D for all the 4-tuples calculated in the theorem. In other 
contexts, however, it is often required only to align the full sequences a and b. Then 
only the value of D(1, m; 1, n) is required. For this case, an n2 (quadratic) algorithm 
consists of using only (2) to calculate D for all 4-tuples of form (1,j; 1, k) only. 

Once D(1, m; 1, n) has been calculated, an optimal alignment can be rapidly (in 
time proportional to m+n) identified by backtracking the optimizing steps in the 
recurrence, starting at (m, n). For example if D(1, m; 1, n) = D(1, m - 1; 1, n) +y, then 
an optimal alignment exists where am is deleted. If then D(1, m -1; 1, n) = 
D(1, m - 2; 1, n - 1) + x and am-, i bn then in this optimal alignment ir = m - I and 
jr = n for some r, and so on. (N.B. This is a somewhat different notion of backtracking 
than that used in branch-and-bound and similar algorithms.) 

Note that if we were to allow y < 2x, all optimal alignments would involve insertions 
and deletions only (no replacements), and the aligned pairs would constitute the longest 
common subsequence of a and b. These alignments are also optimal in the case y = 2x 
though here other optimal alignments involving replacements are possible. (See 
Hirschberg (1983) for a discussion of this type of problem.) 

3. Folding. A secondary structure on a sequence a = al, , an is a set S of pairs 
(4i j) where 1 ' i <1j '-n satisfying the knot constraint-if i '-i'' j '] j', then (4i j) and 
(i',j') cannot be two distinct elements of S. 

Suppose that (ij)eS and i<r<j. If no (i',j')eS where i<i'<r<j'<j, then 
we say r is accessible from (i j). Also the pair (p, q) E S is said to be accessible from 
(i4j) if both p and q are. 

The u ? 0 unpaired terms accessible from a given (4i j) E S together with the k - 1 ' 0 
accessible pairs, constitute the k-loop closed by (ij). Those pairs and unpaired terms 
in no k-loop are external. 

LEMMA 1. Each unpaired term and each pair in a structure belongs to exactly one 
k-loop or is externaL 

Proof. Consider any term r accessible from both (ij) and (i',j'). By definition of 
accessibility either i' < i < r < j' < j or i < i' < r < j < j', both of which are prohibited by 
the knot constraint. 0 

The decomposition verified in Lemma I is biologically meaningful-the k-loops 
are known to experimentalists as hairpins (k = 1), bulges and interior loops (k = 2, u > 0), 
stacked pairs (k = 2, u = 0), and multiple loops (k ?3), as illustrated in Fig. 2. 

For k = 1 and k= 2 experimentally determined values are available (Tinoco et al. 
(1973), Salser (1977)) for e(s), the relative thermodynamic stability (or instability) of 
a k-loop s, measured in units of free energy, as a function of k, u, the pair (ai, aj), and 
the values of a, for the accessible r. The basic hypothesis permitting the purely 
computational (i.e. nonexperimental) solution of the folding problem is that the 
secondary structure occurring naturally is the one which, among all possible pairing 
schemes, is thermodynamically the most stable, in that the sum of the free energies of 
its k-loops is minimal. Since only stacked pairs contribute negative free energy, stable 
structures tend to have long series of nested stacked pairs ( i, j ) ( i + 1, j - 1), * * * , ( i + 
h, i - h), and as few other loops as possible. Note that in the same way as the closing 
pair (i, j) of a k-loop s is not itself defined to form part of that loop in the decomposition 
determined by S, the energetic contribution of the pair is not considered part of e(s), 
but part of that of the k-loop, if any, in which (ij) is accessible. Thus external pairs 
contribute zero free energy to a structure. The same holds for external unpaired 
terms, so that, for example, the structure containing no pairs (i.e. S-= ) has free 
energy zero. 
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a_i -a, / aI+l \ -a,-a,+1-* -ai+h- 
j ) * HAIRPIN . (ij) * * 

a(3j aJ \ /j -a, -a,- -aJ-h- 

NESTED STACKED PAIRS 

-al,,, -ap-j ap -ap+l- ** 
(iii) * * INTERIOR LOOP 0 0 

-a)J+I-a j\ajq-q_- 

-a1" 
q 

(iv) * * (V) * MULTIPLE / ~~~~~~~LOOP 
-aj+i-iI lq a-aq- r- aJ\ - S 

aj BULGE aqj jl 

\ / ,. 

(vi) EXTEMAL --- ar 

an-~ -aqea P-- 

FIG. 2. Types of k-loop. Heavy dots interposed between two elements of each pair. 

These considerations lead to the following optimization problem: given a sequence 
a and values of e(s) for all possible k-loops s, find the secondary structure S which 
minimizes the sum of e(s) over all k-loops in the decomposition determined by S. 

Before we state and prove a dynamic programming solution to this problem, we 
will need some further structural consequences of the knot constraint and definitions 
of accessibility. 

LEMMA 2. If (i,j) E S, then i < r <j if and only if r is accessible from some pair 
(i*,j*) E S, where i i* < r <j* _?j. 

Proof Either r is accessible from (i, j) or there is some intervening (i', j') E S such 
that i < i'< r <j'<j. Then either r is accessible from (i',j'), or there is still another 
intervening pair, (i",j") where i'< i" <j <j"<j', and so on. After at most r - i steps 
we must arrive at (i*,j*) since there can be no more intervening pairs. O 

LEMMA 3. Given a structure S and (i, j) E S, the substructure Sij imposed on (i, j) 
by S consists of (i, j), its accessible pairs, their accessible pairs, and so on. Then Sij is a 
secondary structure on 4 . . ,j. All its k-loops are k-loops of S and any k-loop of S 
containing a term in i + 1, - - *, j - 1 is a k-loop of Sij. 

Proof The knot constraint holds for Sij by virtue of its holding for all pairs in S, 
so that Sij is a secondary structure. Since (ij) is a pair in S and Sij, all terms in 
i + 1, - * , j - 1 must be accessible to some pair in i, - , j, by Lemma 2. By Lemma 1 
they cannot be accessible to any pair outside of i, * ,j. Thus the k-loops of Sij and 
the k-loops of S containing terms in i+ 1, * * , j -1, coincide. O 

LEMMA 4. If (i, j) E S and i < r Kj, then r is in some k-loop of some substructure 
Sp,q where (p, q) is accessiblefrom (ij), or else itself is accessible from (ij). 

Proof Suppose r is in no k-loop of any such substructure Sp,q and r is not 
accessible from (i, j). Then there is some (i', j') E S such that i < i' < r j' Kj. Now, by 
Lemma 2 and Lemma 3, r must be in a k-loop of Si,,j,, so to prevent a contradiction 
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(i', j') cannot be accessible from (i,j). Then there must be another pair (i",j") e S such 
that i < i" < i', and so on. But this can proceed at most r - i steps before we encounter 
a contradiction. 0 

The simplest way of formulating a dynamic programming solution is then: 
THEOREM 2. Let F(i, j) be the minimum energy possible for a secondary structure 

S on the partial sequence i - * *, j. Let C (i, j) be the minimum given that (i, j) E S, where 
C(i, j) = oo if no such structure exists. Then 

(6) C(i,j)=min min e(s)+ i C(p,q)} 
k?1 sisak-loop (p,q) 

closed by (i, j) accessible 
from (i,j) 

with the initial conditions C(i, i) = 00, and 

(7) F(i, j) = min {C(i,j), min [F(i, h) + F(h + 1, j)] 

with the initial conditions F(i, i) =0. 
Proof We first deal with pairs of form (i, i) and then prove that if the recurrences 

are correct for all (i', j') where i < i''j' <j, then they are also correct for (i, j). 
Consider the case of (i, i). Since it is not true that i < i, there is no structure 

containing (i, i), so C (i, i) = 00. A structure with no pairs has free energy zero, so 
F(i i) = O. 

For any other (i,j), consider an optimal structure Sii on ai, ,aj under the 
constraint (ij) E S. Let (Pi, ql), - * *, (Pk-1, qk-1) be the pairs accessible from (ij), and 
SpI,qj . * * , Spk ,,qkil the imposed substructures. By previous application of the recur- 
rence, these will be optimal, i.e. they will have energies C(p1, ql), . * , C(Pk-1, qk-J. 

Any k-loop of Sij having terms r such that Ph < r < qh will also be a k-loop of Sph,qh' 

and vice versa, by Lemma 3. By Lemma 4, any term r not satisfying Ph < r < qh for any 
h is accessible from (ij) and is part of the k-loop s closed by (ij). Then the energy 
of Si, the sum of the energies of its k-loops, is 

e(s)+ E C(p, q). 
(p, q) accessible 

from (i,j) 

The correctness of (6) then follows from the optimality of Sij and the definition of C 
as minimal. 

As for (7), F(i,j)?F(i, h)+F(h+1,j) for any i? h<j since we can always 
construct a secondary structure on i4 , j as the union of those on 4. *, h and on 
h + 1, , j, whose energy is the sum of theirs. Then it suffices to find one h for which 
the equality holds. Now, if the optimal structure on ai, - - *, aj contains (ij), F(ij) = 
C(i, j) by definition. Otherwise, if there are no pairs, F(i, j) = 0 = F(i, h) + F(h + 1, j) 
for any i _ h <j. If there is at least one pair, there must be at least one external pair 
(p, q), by an argument analogous to those of Lemma 2 and Lemma 4. Either p $ i or 
q $ j or both. Say p $ i. Can F(i j) < F(i p - 1) + F(p, j)? If so, the subset of pairs 
involving terms in i4 - - , p - 1 in the optimizing secondary structure on i4 . . , j could 
be used as a secondary structure on i, - *, p -1, and the remaining ones as a secondary 
structure on p, - - -, j. (No pair could contain terms i' from i, ... , p- 1 and j' from 
p, * **j, since then i'<p<j', contradicting by Lemma 2 the fact that p is external.) 
The sum of their energies would be less than F(i, p - 1) + F(p, j), a contradiction. 0 

F(1, n) is then the free energy of the optimal or "true" secondary structure. 
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To use recurrence equations (6) and (7) to find the optimal structure, we must 
apply them to pairs (ij) ordered in such a way as to ensure C(i,j) and F(ij) are 
evaluated after C (i', j'), and F(i', j'), for all i < i'<j'<j. 

As in the alignment algorithm, it is then an easy matter to backtrack through the 
(i,j) array to actually construct a structure with free energy F(1, n). 

Note that biological constraints such that certain values of ai and aj cannot form 
a pair, or that ui_3 for hairpins, can be satisfied simply by assigning e(s)=00 to 
k-loops violating these conditions. 

Because the calculation of C(i, j) in this algorithm involves evaluating all possible 
k-loops, it must examine all 2k-tuples of the form i < p < q < ... < Pk-1 < qk-1 <i 

Including all pairs (ij), this takes time proportional to n2k. Since the maximum k 
possible grows linearly with n, the algorithm requires exponential computing time, 
and is hence impractical. 

In practice, though e(s) may be a complicated function of u for 2-loops, the 
values of u actually encountered are rarely large, say u _ U. For multiple loops, on 
the other hand, large values of u are possible, but here e(s) may be approximated by 
a linear function of u and k: 

(8) e(s) = A+ (k- 1)P+ uQ. 

THEOREM 3. Let C and F be as in Theorem 2. Then, under the restrictions that 
u U in 2-loops and e satisfies (8) for multiple loops, 

re(s), s is the hairpin closed by (i,j), 
min {e(s) + C(p, q)}, s a 2-loop closed by (i, j) with 

(9) C(i, j) = min (p, q) accessible, u = p - i +j - q - 2 U, 

min {G(i+1,h)+G(h+1,j-1)+A}, 
i< h<j-1 

where 

C(i,j) +P, 

min min G(i, h) + G(h + 1, j), 
i -- h<j 

(h -i+l)Q+ G(h+1,f), 
and, as in (4), 

[C(ii,jI), 
(11) F(i, j) = min 1min {F(i, h) + F(h + 1,j)}, 

---h <j 

with initial conditions C(i, i) = 0, F(i, i) = 0 and G(i, i) = o. 
Proof. We must prove that G enters into the evaluation of multiple loops only, 

that e(s) for these loops satisfies (8) and that they are optimal. The theorem is then 
a special case of Theorem 2, with the restriction on 2-loops being satisfied by the 
second option in (9). Note first that G(i,j) is finite only if there is some pair (i',j') 
where i' i'<j''1j in the corresponding structure. Thus in (9), G enters into the 
recurrence for C if and only if the optimizing structure contains at least two pairs 
accessible to (i,j), one on each side of h, i.e. a 3-loop, or higher-order loop, closed 
by (i,j). 

The recurrence for G ensures that each accessible pair (p, q) in an optimizing 
loop contributes C(p, q) + P and each unpaired term Q. When the multiple loop option 
is chosen in (9), the value A is added, so that (8) is satisfied. To prove that the k-loops 
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concerned are optimal, we must show that the minimization in (10) is taken over all 
possible accessible configurations. This is the case since any such configuration is an 
alternation of accessible pairs and (possibly) some string of unpaired terms, and all 
such alternations are evaluated in (10). D 

The linearity condition (8) allows us to piece together k-loops with large k from 
smaller pieces in (9) in a computationally efficient way-a search among j - i - I values 
of h rather than all possible 2k-tuples. 

Bounding the search for 2-loops by U in (9) means that the dominant term in 
assessing the number of steps to completion of the algorithm is contributed by the 
search for h which is at most linear in n. Since (9)-( 11) are applied to all 1 ' i <j n, 
the total computing time is proportional to n3. 

It is easily verified that the proof of Theorem 3 carries through with no difficulty 
when (8) is replaced by 

k-1 k-1 

(12) e (s) =A(aj, aj) + E P(aPh, aqh) + E Q(aqh+l, ,aPh+,_l) 
h=1 h=O 

(where qo = i and Pk =j), so that e depends on the actual values of the sequence terms 
which close the k-loop s, or form its accessible pairs (Pl, ql), .. *, (Pk-I, qk-1), and 
also depends on the set of unpaired terms which intervenes between each two accessible 
pairs (Ph, qh) and (Ph+1, qh+i). In the statement of the theorem, A is replaced by A(a1, aj) 
in (9), P is replaced by P(aj, aj) in (10), and (j - h) Q and (h - i + i) Q are replaced 
by Q(ah+l, - 

*, aj) and Q(ai, * * *, ah), respectively, in (10). 
While the theorem remains true, the efficiency of the algorithm based on it is 

sensitive to how the function Q(.) is calculated. If Q(.) can be evaluated in a fixed 
number of steps, as in the original statement of Theorem 3, then we retain an n3 

algorithm. If the time taken to compute Q(ai, , aj) is linear in j - i, on the other 
hand, the algorithm may require time proportional to n4. 

The basic idea of decomposing multiple loops through the linear search for h is 
found in Nussinov et al. (1978). The bound on 2-loops was used by Zuker and Steigler 
(1981) in the first computer implementation for long (_ 103) sequences to incorporate 
realistic loop costs while retaining global optimality. Mainville (1981) introduced linear 
multiple loop energies, and J. B. Kruskal generalized these and integrated them into 
the linear search for h (Sankoff et al. (1983)). The synthesis of all these features as 
has been presented in this section is drawn from the latter paper and from Zuker and 
Sankoff (1984), except for the generalization proposed above as (12), and its implica- 
tions for computing efficiency. 

4. Integrating alignment and folding. When biologists consider two RNA sequen- 
ces to have the same secondary structure, this refers to the general "shape" of the 
structure-it does not mean that they are identical in all respects. For example, where 
there are nested stacked pairs (i, j), (i + 1 j - 1), , (i + h, j - h), the number of pairs 
may vary somewhat from case to case, without greatly affecting the overall appearance 
(or function) of the structure. The same is true for nested 2-loops in general. In some 
cases the number of consecutive unpaired terms, in k-loops or external, is variable 
though the structures are considered basically the same. 

One aspect of a structure which is an invariant part of its identity is its branching 
configuration, determined by the external pairs and multiple loops. More precisely, let 
il < 2< *... < iv be the positions in sequence a of all terms which form part either of 
an external pair or of an accessible pair in a multiple loop in structure A. Let 
il <i2 < ... <ji be the same for structure B on sequence b. For A and B to be equivalent 
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in terms of branching configurations, we require v = w and (if, ig) E A if and only if 
(jf, jg) E B. 

The definition allows complete freedom as to the number and type of 2-loops 
nested in each external pair and in each multiple loop accessible pair, as well as to 
the number of unpaired external terms and unpaired terms in any k-loop. Thus, while 
equivalence between structures is a necessary aspect of finding a common folding of 
two sequences, it is not sufficient, as illustrated in Fig. 3. We should require the same 

FIG. 3. Two equivalent, but highly dissimilar secondary structures. Sequence terms represented by bars on 
solid line. Dots interposed between two elements of each pair. 

secondary structures for two sequences to show more similarities than just equivalent 
branching configurations. To evaluate how similar two equivalent structures are, it is 
natural to introduce the notion of alignment as discussed earlier in this paper. One 
way of doing this, although not the only one, is as follows: First, the equivalence 
requirement itself is guaranteed by constraining any alignment so that il is aligned 
with ji i2 with 12, , iv with jw. Also, for simplicity's sake, we will require that any 
k-loop be aligned with a single k-loop in the other structure, or be inserted or deleted 
in toto. Thus, for example, we cannot have elements of the same k-loop in one structure 
aligned with elements from two or more k-loops in the other structure. Since all external 
pairs and accessible pairs in multiple loops are aligned and not deleted or inserted, 
each multiple loop and external region will have its counterpart in the other structure, 
but 2-loops need not, there being no constraint against deleting or inserting their 
accessible pairs. As for hairpins, it can be shown that equivalent structures will always 
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have the same number of hairpins in the same general locations vis-a-vis the constrained 
pairs of the structures (i.e. if there is a hairpin between if and ig in one structure, there 
will also be one between jf and jg in the other where if is constrained to be aligned 
with jf and ig with jg). We will require that such corresponding hairpins be aligned, 
rather than allow one to be deleted in its entirety and the other to be inserted in its 
entirety. Since there is no constraint on their deletion or insertion, the number of 
2-loops remains free to vary between one structure and the other. Note that these 
alignment constraints are not necessary for equivalence and could be relaxed in a more 
general analysis. 

The goal then becomes one of finding equivalent structures and a constrained 
alignment such that the entire configuration of structure and alignment is optimal in 
some sense. Now, we cannot expect that there will always exist equivalent structures 
which are thermodynamically optimal for both sequences separately, and even if we 
did find such a case, a suitably constrained alignment of them would not necessarily 
be the minimum cost constrained alignment over all possible pairs of equivalent 
structures. 

Thus we introduce a new objective function to optimize, representing a trade-off 
between free energy and alignment cost, namely their weighted sum. Without loss of 
theoretical generality, we may use the unweighted sum since alignment cost is in terms 
of arbitrary units x and y. In practice, of course, these units would have to be calibrated 
using known secondary structures. 

We extend the definition of D(il,jl; i2, j2), the minimizing cost of an alignment 
between ail, , aj1 and b2, * . . , bj2, as follows: if il > jl, then D(il, jl; i2,J2) will refer 
to the cost of inserting the entire sequence bi2, * * *, bj2, and if i2 >12, it will refer to the 
cost of deleting ai,, * * *, aj,. In addition, we make the notational convention, for the 
empty loop 4 containing no elements, e(+) = 0. 

Then we can find the optimizing structure and alignments using two-sequence 
generalizations of arrays C, G and F. 

THEOREM 4. Let F( il, jl; i2, 12) be the minimum cost possiblefor a pair of equivalent 
secondary structures S1 and S2, restricted as in Theorem 3, on positions il, * * , ji and 
i2,.** ,i2 of sequences a(l) and a(2) respectively, where the cost is the sum of the free 
energies and a constrained alignment cost. 

Let C (i1, ji; i2, j2) be the minimum cost given that (il, jl) E S1 and (i2, 12) E S2 without 
1)(1 2) an a2) 

considering the costs of aligning a'), a3'), a2) and a If no such pair of structures 
exists, set C = oo. Then 

(13) C(i1,1l; i2,i2) 

e(sl) + e(s2)+ D(il + 1,j1 - 1; i2+ 1,J2 - 1), Sl, S2 hairpins closed by 
( il,]), (i2, i2) respectively, 

min {e(sl) + e(s2) + C(pl, ql; P2, q2) 

+D(il+1,pl; i2+1,p2)+D(ql,jl-1; q2,i2-1)}, 

S1, 52 are 2-loops closed by (il,jl), 
= mn (i2, j2) with (Pl, ql), (P2, q2) accessible, 

p1 - il+jl - q1 -2_ U, P2 - i2+j2- q2-2_ U, 
or one of 151 = and (pl,ql)=(il, jl) 

r2 = 4 and (P2, q2) =2, i2), 
min {G(il + 1, hl; i2 +1, h2) 

2<h1<j1-1 

V2 
<h2 <]2- + G(h + 1J,j- 1; h2+1IJ2-1) +2A}, 
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where 

G( ii, ji; i2, i2) 

C(i1,i]; i2,J2)+2P+ D(i1, ii; i2, i2)+ D(jl,jl;i2,12), 

G(il, hl; i2, h2) + (1- hl+j2- h2) Q 

(14)mm nGmin +D(h, + G1(j; h2 + 1, h2), 
(14) 

l<h< ml m G(il, hl; i2, h2h)+ G(2h + 1, jl; h2 + 1, j2)) 

I _2h2<j2 (hl-il+l+h2-i2+1)Q 

and. 
+ G(h + 1,j1; h2+ 1, j2)+ D(i1, h1; i2, h2), 

and 
C(ii,ji; i2, j2)+ D(il, ii; i2, i2)+ D(jl,i l;12,12), 

(15) F(il,jl; i2,J2) = min min {F(il, hl; i2, h2) + F(h1 + 1,J1; h2+ 1, 2)}, 

12- h2<j2 

D( ilji; i2, h),) 

with initial conditions C(i1, il; i2, i2)= oc and G(i1, il; i2, j2)= G(iI, JI; i2, i2) = 

Proof We first show that C and F can be finite only if they pertain to equivalent 
structures. Now G(iI,jI; i2, ]2) is finite only if the two corresponding structures have 
the same number of external pairs. This is obvious if the first option in (14) (exactly 
one pair) holds, and all of the other options conserve this property in building up 
successively more complex structures. Then the last option of recurrence (13) can 
incorporate only multiple loops of the same order into the two structures. This same 
argument applies recursively to show that the orderings of terms in all accessible pairs 
satisfies the definition of equivalence. 

The last and first options in (15) refer to the cases of zero external pairs in both 
structures, and one such pair in both structures, respectively; so these structures are 
trivially equivalent, or because (13) guarantees equivalence, respectively. By recursion 
then, the middle option can only piece together structurally equivalent parts of both 
sequences. 

We next note that corresponding accessible pairs in multiple loops are aligned, 
by the first option of (14), and the same for external pairs, by the first option of (15). 
The second and fourth options in (14) and the last option in (15) assure that correspond- 
ing multiple loops are aligned and corresponding external regions are aligned. The 
first two options in (13) require that all terms in a 1- or 2-loop are aligned with a 
corresponding 1- or 2-loop or, in the case of a 2-loop, that the whole loop is inserted 
or deleted. In the latter case, the extended definition of D becomes pertinent. 

Finally, we must show that, subject to equivalence and constrained alignment, 
the recurrences correctly identify optimal structures. To do this it suffices first to fix i2 
and j2 and to prove their correctness as recurrences on il and jl only, and second to 
do the same with the roles of (il, jl) and (i2, ]2) reversed. When this is done, the theorem 
becomes identical to Theorem 3 except that there are different values of e(s) for k-loops 
and nonzero costs for external terms. For the external terms, the correctness of (15) 
can be proved by the same type of argument as for (7) in Theorem 2. For 1- and 
2-loops, the arbitrariness of e(s) in Theorem 3 allows us to consider, say e'(sl) = 

e(s,) + e(s2)+ D(il + 1, l- 1; i2+ 1j2-1 ) for fixed S2, as a new energy function for 
hairpins. For multiple loops, the inclusion of the alignment costs in (14) means that 
the loop cost is no longer as in Theorem 3, a linear function of u, the number of 
unpaired terms in the loop. However, Theorem 3 remains true when (8) is replaced 
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by (12), where e.g. Q(ah,+l,... , aj))=(j1-hl+j2-h2)Q+D(h1+ 1,jl; h2+ 1,j2) for 
fixed bh2+l, , bj2. Thus the entire proof of Theorem 3 carries over to the present 
case. O 

To assess the computational effort necessary to calculate (13)-(15) for all appropri- 
ate (ib,l, i2J2) we point out that the considerations following Theorem 3 apply 
independently to S1 and S2, so that the algorithm becomes n6. It is important to note 
that in this algorithm recurrences (2) and (3) for D in Theorem 1 must be calculated 
at the same time, according to the same ordering of 4-tuples as for (13)-(15) of 
Theorem 4, taking the fixed number of steps per 4-tuples indicated in (2) and (3), and 
not otherwise affecting the complexity of computing C, F and G. 

5. Protosequences. When N nucleic acid sequences are aligned simultaneously, 
they are generally from N organisms whose evolutionary relationships are represented 
by a tree diagram with or without an identified root, as in Fig. 4. The given sequences 

a(2) 1(8) (y6) f a(4) 

a(1 

,~~~~~~~~ (14|/(7) 

a' a (15 ) 

a (9) 13 (3 

FIG. 4. Unrooted tree diagram of evolutionary relationships among nine observed (or known) nucleic acid 
sequences a, , a9 associated with the terminal vertices. Hypothetical ancestor sequences a(l?), 
associated with nonterminal vertices. 

(1) 
. . 

(N) 
a ,l) , a are associated with the terminal vertices vl,... , VN of the tree and the 
nonterminal ones VN+1, VN+2 *... represent hypothetical ancestral sequences (pro- 
tosequences) which are reconstructed in the course of the alignment. 

We generalize (2) as follows (the generalization of (3) is analogous) 

D(iJ) = min {D(ij') + y(aj(j -j'))} 
( 16) not all jr=jr 

where jr =jr or jr =jr -1, for r = 1, ... , N and D(i,) represents the alignment of the 
partial sequences al), .., a'); * * *; a , ajN. We interpret y(aj(j -j')) as fol- 
lows: The argument of y is an N-vector whose rth component is ajrr) or 4 depending 
on whether j' =jr - 1 or j'r= j, respectively. This value (ajrr) or 4) is associated with 
vertex vr We are free to assign any values to all the nonterminal vertices. We then 
count the number s of branches (edges) of the tree with different non-+) values at the 
two endpoints, and the number t of branches with one 4 and one non-+ value at the 
endpoints. Then ty + sx represents the explanatory cost of generating the configuration 
of values at the terminal vertices given the values we chose to assign to the nonterminal 
vertices. We define y to be the minimum cost possible for any such assignment (most 
parsimonious explanation). 
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How can we find this optimum cost? The vertices of the tree must first be assigned 
heights. This is done only once, before starting application of recurrence (16). We 
single out any nonterminal vertex as the root of the tree. (This choice may be suggested 
by biological considerations but for our purpose it is arbitrary.) The N terminal vertices 
are all assigned height zero, and successively for H = 1, 2, - - *, the height H is assigned 
to any vertex (except the root) which has not already been assigned a height and for 
which all but one of the neighbouring vertices have all been assigned height less than 
H. It can be shown that when this rule can no longer be applied, only the root will 
remain without an assigned height. This is assigned a height one greater than any of 
its neighbours. 

To evaluate y, at each application of the recurrence, one defines a number of 
functions yv(. ) on sd U {I)} where sd is the set or alphabet from which the sequence 
terms are drawn. One such function is defined for each vertex v of the tree and the 
yv are calculated recursively, starting with those v of height zero and continuing with 
those of height 1, 2,*. 

THEOREM 5. For each a E Sd U {4}, we set yj(a) = 0 if the rth component of aj( j -i') 
is a, and yv (a) = 00 otherwise, for all vertices of height zero (terminal vertices). For 
vertices of height H = 1, 2, ... 

Y.v() )= min y + min yv (a), v'neighbour of v mm vE4)) 

(17) of height less than H 

yv (ar) = E minl .+v( 8)9 

of height less than H a ei 

for a $ 4, and y = minaESu{0} Yroot(a). 

Proof. We will show that for a vertex v of height H, yv(a) is the cost of the subtree 
containing v, the vertices of height less than H to which it is connected, the vertices 
to which the latter are connected and so on, under the condition that a is assigned to v. 

If v is of height one, all its v neighbours but one are terminal vertices. It is easily 
verified that yv (a), for a $ X, is ty + sx where t is the number of these terminal vertices 
with 4 assigned, and s is the number with any ,B a, e sd assigned. Similarly, 
yv() = (v - t- 1)y. 

For v of height greater than one, (17) will have been proven to give the cost 
function for each of its neighbours but one. The subtree determined by v, these 
neighbours, etc. consists of their individual subtrees plus the v - 1 edges from v to its 
neighbours. Thus (17) gives the required cost for v. 0 

Backtracking applied to this algorithm gives the actual assignments of the minimiz- 
ing values to each of the nonterminal vertices. 

The evaluation of y requires computational effort proportional to N and to the 
square of the size of the alphabet. 

Given Theorem 5, the correctness of recurrence (16) in finding the most par- 
simonious alignment (and reconstruction of the protosequences) can be proved using 
the same arguments as for Theorem 1. 

We are now in a position to state the theorem which encompasses all the previous 
ones, and whose proof is a straightforward generalization of that of Theorem 4, with 
the N-dimensional generalization of D given by (16) and (17). 

THEOREM 6. Let Fi be the minimum cost possible for N equivalent secondary 
structures Sl, S29 ... 9 SN on positions il, *. ., jl; i29 . . . 9 j2; . . . ; iN, . . . 9 IN of sequences 
a. a( * 9 a(N), respectively, this cost being the sum of the free energies and the 
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alignment cost over a given phylogeny (tree). Let C (ij be the minimum cost under the 
constraints (i, jl) E S1, * (iN, jN) E SN but excluding the costs of aligning the elements 
of these closing pairs. If no-such N-tuple of structures exists, then C = oo. Then 

E e(sr) + D(i + 1, j - 1), Sr the hairpin closed by (ir, jr), 

min , e(sr)+ C(p, q)+D(i+ 1,p)+D(, j-1), 
not all 

(18) C(J) = min (p,,q,)=(ir,jr) Sr the 2-loop closed by (ir, jr) with 
(Pr, qr) accessible, Pr -ir + jr + qr-2 U, 

min G(i+1, h)+G(h+1, j-1)+NA, 
i,< h,Kj,rl 

where 

C(i, j)+ NP+ y(a *.*.* (aN)) + y(a' ... a(N) 

mm mm ,a, 

9 
N 

ai9 
9JN (19) G(i,j) min G( ) + (1jr -hr) Q + D(h + 1, ), 

ir<hrcjr min i4 G h) + G(h+1J 

and L (hr-ir+ 1)Q+G(h + 1, )+ D(ih), 

c (T,-j-j + y (a ., aiN) + y(a5l) ... aJN) 

(20) F(i,) =min min {F(i7h)+F(h+ 1)}, 

D(i,j), 

with initial conditions C(i, ) = (x, and G(i,75) =oo if any ir =jr. 

An analysis of the computing time necessary to carry out the algorithm summarized 
in (18)-(20) shows that allowing all i, hr and jr to vary freely requires time proportional 
to n3N, for fixed N. Computing time is also proportional to U2N in the search for 
2-loops. These considerations would seem to make the algorithm impractical, given 
that the n3 algorithms presently available to find a single secondary structure are 
themselves unwieldy for large n. 

However, in practice there is little reason to allow a free range of variation to all 
of iII. *, iN. We can expect the optimal secondary structures to align positions 
relatively close to each other, so that for each i= 1,**, n, we need consider only the 
case where for all i, 

(21) i- -ir i + 
2' 2 

and similarly for h and j. (See Kruskal and Sankoff (1983) for a discussion of this 
way of "cutting corners" in dynamic programming.) Computing time is then propor- 
tional to n3(U2 W)N, which is in the range of feasibility. 

We point out that like Theorem 4, Theorem 6 is easily generalized to the case 
where (8) is replaced by (12), with attendant computational difficulties only if the 
calculation of Q is costly. 

6. Discussion. In our analysis of the algorithms we have concentrated on time 
rather than memory requirements. Because we must store the 2N-dimensional arrays 
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C, D, F and G as we calculate them, for use in later applications of the recurrences, 
memory requirements are of the order of nf2N. In cutting corners, however, this is 
reduced to n2(U2 W)N. 

Promising directions for future work on these problems includes the weakening 
or elimination of the alignment constraints on equivalent structures-it should not be 
necessary to impose the condition that corresponding accessible and external pairs be 
aligned. Also the requirement that corresponding hairpins be aligned seems too strong, 
as does the requirement that elements of each k-loop never be mapped onto elements 
from more than one corresponding k-loop in another structure. Finally, it would be 
desirable to weaken the notion of equivalence itself, to allow some degree of structural 
difference if this produces much better energies and alignments. 
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