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Abstract: Data in an experimental array where a nominal dependent variable has
m > 2 outcomes may be accounted for by one of a number of possible schemes
consisting of J successive and/or parallel independent ml-nomial experiments
where ~,ai = m + J - 1. Each such scheme can be represented by a tree diagram
which is presumed to be valid everywhere in the array. A criterion based on likelihood is defined to assess the different schemes. The set of outcome probabilities of
a scheme is shown to differ from that of all other schemes almost everywhere in the
space of parameters. As sample size increases, the probability of correctly inferring the true tree tends to 1. Using Monte-Carlo simulation of the four-outcome
case, we illustrate, for small sample sizes, how this probability depends on the
parameters.
R~sum~: Une famille de modules est propos6e pour analyser un ensemble de
dormges dont les observations sent faites sur une variable rdponse discrete et sur un
vecteur explicatiL Chaque module est constitu6 d'une sdrie d'exp~riences multinomiales dont les r~sultats sont des regroupements de modalitgs de la variable
r~ponse. Les probabilit~s d'observer ces regroupements dgpendent du vecteur
explicatif seton des ~quations logistique-lindaires. On prouve facilement que
chaque module de cette famille contient le marne nombre de param&res. De plus
chaque module correspond h une s~'ucture d'arbres qui elassifie higrarchiquement
les modalitgs de ta variable r~ponse: un noeud non terminal de l'arbre repr~sente
une de ces expgriences multinomiales et un noeud terminal repr~sente une
modalit~.
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Ainsi, la probabilit6 d'observer une de ces modalitrs est calcul~e en parcourmat
le chemin reliant la racine au noeud terminal reprrsentant eette modalit6 et le
ehoix du rnod~le est bas6 sur un efit~re de vraisemblance ealculre comme le produit des vraisemblances 6valures ~ partir de l'ensemble de donnres pour chaque
noeud non terminal de l'arbre. On drmontre que la capacit6 de prrdiction des
modalitrs dit~re pour chaque arbre et seul le vrai arbre peut exhiber les vraies
probabilitrs sur presque tout respace paramrtrique. On y drmonla'e aussi des
propd~trs asymptotiques du erit~re qui assurent ClUele vrai module est ehoisi par
ce efit~re avee probabilit6 1. Une &ude par simulation Monte-Carlo illustre,
darts le eas de petits ~chantillons, la drpendance de ta probabilit6 que le vrai
module soit ehoisi sur les valeurs des param~tres.
Keywords: Hierarchical classification; Multinomial; Likelihood; Logistic regression.

1. Introduction
A nominal dependent variable whose m outcome probabilities depend
on a vector of explanatory variables X" = (Xo,Xl . . . . . xa) where x0 - 1 is
most naturaUy thought of in terms of the multinomial M [ N ; p ( I ) . . . . . p(m)],
and data on this variable can be analyzed in terms of the ( m - 1) multiple
logistic equations log (p(t)/p(m)) = ~xt X, where the vector o~ is constituted
of unknown coefficients (e.g., Mantel 1966, Jones 1975, Bull and Donner
1987).
In certain applications, however, the m outcomes are not necessarily
produced by an m-nomial experiment but by any one of a number of possible
schemes consisting of a series of successive and/or parallel independent binomial or multinomial sub-experiments, arranged hierarchically in a tree structure.
For example, denoting the four possible outcomes of an experiment as
A, B, C and D, these could be generated by a 4-nomial experiment,
corresponding to the "unresolved" tree constructed of a root connected to
four labeled terminal vertices, as in Figure la. The outcomes could also be
generated by a binomial which produces either outcome C (success) or outcome F (failure), followed by a trinomial experiment to replace each outcome
F by one of outcomes A, B or D. This would correspond to a tree with a
binary branching root connected to one terminal vertex labeled C and one
non-terminal vertex labeled F, itself connected to three terminal vertices,
labeled A, B and D, as in Figure lb. There are 26 possible schemes, since
there are 26 rooted trees with four labeled terminals. Note that the tree structure implies that each final outcome can be produced through a series of intermediate outcomes - - such as F - in only one way. This in tum means we
can reconstruct, for each outcome, exactly the sequence of sub-experiments
from which it results.
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Figure 1. Two schemes for generating four outcomes.

For any one data set, the scheme is assumed to be the same for all
"cells," i.e., different configurations of values of the independent variables,
so that the statistical analysis of each sub-experiment can be carried out using
the same (multiple) logistic regression equations for all the cells of the
appropriate subset of data. The probability of each final outcome is thus
assumed to be the product of the probabilities of the intermediate choices in
the sequence of sub-experiments producing that outcome.
We will show that in general, the outcome probabilities in one scheme
(i.e., tree) cannot be identical, in all cells of the experimental design, to the
probabilities in another scheme, so that each scheme makes different predictions about the data. The choice of the single scheme that best accounts for a
data set consisting of m-tuples generated under various configurations of the
independent variables is the main topic of this paper.
Data motivating this type of analysis arise in fields where a multivalued
choice process sensitive to a number of independent variables is suspected of
being made up of a sequence of more basic choices. Typical examples might
be the construction of an automated medical diagnosis procedure based on a
vector of symptoms, or the training phase of a discriminant analysis among
populations thought to be hierarchically related. The present work was
motivated by an important and recurrent problem from linguistics, in the statistical analysis of the variable articulation of certain speech sounds in the
spoken language (Sankoff 1985). For example, syllable final 'r' in the Spanish spoken in the Caribbean may be pronounced in any of six or seven audibly different ways by the same person, depending (in a nondeterministic way)
on the part of speech, position of the syllable in the word, initial sound of the
following syllable, stress, and sociological characteristics of the speaker
(Cedergren 1973; Poplack 1979; Cedergren et al. 1986). It is important to
infer not only the effects of these factors on the choice of pronunciation, but
also how the different variant sounds are hierarchically related, since this
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hierarchy is the key to understanding the organization of the phonological
processes which give rise to the variants.
2. Models for m-tuple data
2.1 T h e Multinomial
Given an experimental design where each cell is defined by a vector of
explanatory variables X" = (Xo. . . . . xd), the type of data we study consist, for
each such cell, of an m-tuple (R(t); t = 1. . . . . m), where R(t)> 0 represents
the number of outcomes of the t-th type in that cell. For simplicity we assume
that X be different for each cell i, i = 1 . . . . . n and we consider N = ~ R(t) to
t
be given, not a random variable, though these conditions may be dropped
without major difficulty. We postulate for each cell that the probabilities p(t),
t = 1. . . . ,m, satisfy an equation of the type:
log (p (t) / p (ra)) = a; X .

(1)

Maximum likelihood estimates of the parameters t~ with respect to
these data can be found using various methods such as Newton-Raphson.
2.2 O t h e r T r e e s
We n o w consider other schemes for generating m-tuple data. The tree
associated with any such scheme consists first of a root vertex with mo > 2
branches incident to it. At the other end of each branch is a vertex V which is
either a terminal vertex, or another non-terminal vertex with my > 2 other
incident branches, and so on. There must be exactly rn terminal vertices, each
one corresponding to one of the m outcome types. Clearly
m= l +

Z

[my-l].

(2)

vertices
V

To each non-terminal vertex V we associate a set o f (my - 1) equations
of form (1), with which we can calculate mv-nomial probabilities
(pV(1) . . . . ,pV(mv)) for each X. We will assume all probabilities in the
scheme are positive.
Starting at the root vertex, for each cell (i.e., for each X) we carry out
an
Mm ° [N; p°(1) . . . . ,p°(mo)]
experiment,
with
outcomes
(R°(1) . . . . . R°(mo)). We call these intermediate outcomes to distinguish
them from the m outcomes of the full scheme. These values are associated
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with the mo vertices co-linear with the root. Suppose the j-th such vertex is a
terminal vertex. Then R°(j) = R(t) is taken to be the number of outcomes
from the full scheme of the type t associated with this vertex. If on the other
hand the j-th vertex co-linear with the root is a non-terminal vertex V, then a
Mmv [NV;pV(1) . . . . ,pV(mv)] experiment is performed, where N V = R°(j)

and m y is the number of vertices co-linear with V. The intermediate or final
outcomes from this experiment are in turn associated with the mv vertices
co-linear with V. Continuing in this way, an Mmv experiment is carried out at
each non-terminal vertex V of the tree with size N v determined by a succession of experiments earlier in the tree. With each terminal vertex t a value
R(t) is eventually associated, indicating the number of outcomes of the
appropriate type from the full scheme.
Note that we use superscripted pV(j), RV(j), and N v to distinguish
these mv-nomial quantities associated with the vertex V from their m-nomial
counterparts p(j), R(j), and N associated with the scheme as a whole.
In Theorem 1 we show that the outcome probabilities associated with
two different models (trees) cannot be identical over all cells of the experimental design if there is a sufficient number of different cells. First we require
the following:
L e m m a 1 Let S and T be two identical trees with root V o. Suppose that S is
a subtree of S" and T a subtree ofT" and that qVo andPvo are respective probabilities o f realizing the intermediate outcome corresponding to V o in S"
and T'. Let X1 . . . . . Xn be the n vectors in the experimental design. If
qvo ~PVo for at least one X and the rank of the matrix (X1 . . . . . Xn), is d + 1,
the number of parameters associated with each vertex, then q(t) and p(t), the
probabilitites of the terminal node t in S" and T" cannot be identically equal
over all cells X.

Proof. Let Vo Vl . . . . . V, be the path from V0 to the vertex corresponding
to outcome t, and for trees S and T let qi and Pi be the probabilities that the
intermediary outcome Vi+l is realized given that Vi is realized. Then
q(t) = qvo q l...q~
p(t) = Pro Pl ...Px •
We shall now show that qi = Pi, i = 1. . . . . x under the hypothesis that
p(t) = q(t) for all t and all Xi, i = 1. . . . . n. This contradicts the hypothesis
that qvo ~ Pv,.
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Let s and t be two outcomes whose vertices share the same immediate
common ancestor (such a pair always exists). Without loss of generality we
may write the logistic equations associated with the vertex V~ as:
log (q(t) / q(s)) = log (qx / qs) = 0~; X
log (p(t)/p(s)) = log (px/Ps) = [3; X
If p(t)-~q(t) then o~t = t3t since the matrix (X1 . . . . . X,,) is of rank
d + 1. Repeating this argument for each pair of outcomes, then for intermediate outcomes whose vertices share an immediate common ancestor, we prove
by induction that the corresponding parameters ot and [3 at each vertex of S
and Tare identical. T h u s p i = qi for/ = 1. . . . . t.
T h e o r e m 1. Let S and T be two different trees and let p(k) and q(k),
k = 1. . . . . m, be the probabilities that outcome k occurs in tree T and S constrained by logistic equations with o~and [3parameters respectively. Then for
almost all values o f the (m - 1)(d + 1) parameters of the tree models, if the
number n of different cells XI . . . . . Xn, is greater then d + 1 and if the rank of
the matrix (X1 . . . . . Xn) is d + 1 then for at least one cell and one type k, we
have p(k ) ~ q(k ) for almost all values of the c~s and the [3s.
Proof. Suppose that there is a vertex V of T with only terminal vertices as
descendants, two of which correspond to categories s and t, and that the common ancestor Wo of the corresponding ver~ces in tree S is not the immediate
ancestor of at least one of s or t as in Figure 2. If no V in T with only terminal
descendants satisfies this condition, we simply replace any V with only terminal descendants as well as these descendants, by a new terminal node t*
within a new tree T* and similarly in S. Continuing in this way an appropriate V must eventually be found, otherwise S and T would have the same tree
structure. The truth of the theorem for trees S* and T" implies, by Lemma 1,
that it is also true for S and T.
Without loss of generality, suppose that the terminal vertices connected
to V correspond to categories 1. . . . . r. The logistic equations associated with
these r vertices are:
log (p(k)/p(r)) = [3"kX
fork = 1. . . . . r - 1 .
Let Wo V1 ...Vx and Wo W1 ...Wc~ be the paths through the tree S
from the vertex Wo to the vertices corresponding to the categories t and s
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Figure 2. Different trees involving two terminal nodes s and t.

respectively so that x and er are the numbers of non-terminal nodes from Wo
to type t and s. We have chosen s and t so that at least one of these paths contains more than just Wo. Let qi and qi be the probabilities that the intermediate outcomes Vi+1 and Wi+l respectively are realized, given that Vi or Wi is
realized. For the tree S, we have
log (q(t) I q(s)) = log

qoql...qz ]
qo qI--.q~

= log (qo / qo) + £ log (qi) - ~_, log (qi)
i=1

i=1

= a; x + £ log (q,-)- £ log
i=1

i=1

assuming, without loss of generality, that W1 is the outcome whose probabilities appear in the denominator of the logistic equations associated with Wo.
By our choice o r s and t, at least one of the summations in this expression is
non-empty so that there is always a non-linear term.
Suppose now that p(k) = q(k) for all k = 1. . . . . m and for all X. Then
with s playing the role of category r in tree T and t playing the role of one of
k=l .... ,r-1
[3; X = o~r X + Y, log (qi)- • log (qi)
i=1

i=1
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Now each qi and qi involves different parameters o~ so that
t5

)", log ( q i ) - ~, log (qi)
i=1

i=1

must differ from zero almost everywhere on the space of parameters, so that
this equation cannot hold for all X if n > (d + 1). Thus p(k) ~ q(k) for at
least one k and one X.
2.3 Inference
The statistical analysis of m-tuple data generated by a model of tree T
of the type we have been discussing consists basically of the estimation of the
ct's associated with each vertex. This estimation can be carried out independently at each vertex V. The tree structure ensures that the N v and the
RV(1) . . . . . RV(mv) are known precisely. For example, in each cell, N v is
simply the sum of the R(t) over all t which are generated by V or its descendants.
Thus maximum likelihood estimation of the parameters can be done at
each vertex V using standard methods. Let Lv be this maximum likelihood.
We ignore the multinomial factors

which do not depend on the parameters. This is done purely for convenience,
since if these factors are carried through in the analysis, they cancel out in
just the right pattern. Since the experiment at each vertex is carded out
independently of the others,

L(T) = I-'[

Lv

(3)

V non-terminal
v e r s a in'/"

represents the likelihood of the full scheme with respect to the given data. In
the simplest case, the maximum likelihood associated with the estimates of an
m-nomial experiment is also considered to be the likelihood of the tree consisting of one root vertex, m terminal vertices, and m branches.
If the tree generating the data is not known, then the inference procedure may be carried out for each possible tree, and we may consider the
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one with the highest likelihood to be the maximum likelihood estimator of the
tree.
We will not dwell on the properties of the estimators of the ¢x, which
are well known. Instead we focus on the estimation of tree structure.
The following lemma shows that the likelihood of T may also be calculated in terms of each of the R(t) and certain estimators of the m-nomial probabilities p(t) at the terminal vertices t of T. Note that this does not mean that
the likelihood is independent of the structure of the tree, since the probabilities themselves are constrained by the structure through equations of form (1).
For a terminal vertex t, let V1 . . . . . Vk be the vertices on the path leading from the root (Iio) to t (V~+I). For each cell, we can calculate the mnomial probability of outcome t to be

p(t) = rcorc I . . . . . rck
where roy = rcj(t) is the probability of Vj+I as an outcome of the m/-nomial
experiment at Vi. We define the estimator
= ko

.....

where ~j is the maximum likelihood estimator of rcj. Then
Lemma 2
n

m

logL(T) = E E R(t)]og/~(t)
i=1 t = l

where i indexes the cells in the experimental design.
Proof. Vk is a vertex of T co-linear with terminal vertices only - - such a Vk
must exist for any finite tree. Without loss of generality, suppose these are
the first r terminal vertices, r > 2. Then
n

r

n

~.~ ~_~ R(t) log/3(t) = •
i=It=l

g

E R(t) log (/3(t) / 5k(t))

i=lt=l
?1

r

+ Z E n(t) l o g
i=1 t = l

R v~-' (k) log ~o~1 ...~k + log Lv,
i=1
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since the r vertices share the same path from the root to Vk. Then
tl

Z

m

~, R(t) l o g ~ ( t ) = [ ]~ R (t) log/3(t) + R(t*) log/3(t*)]

i=lt=l

i=1 t>r

+ log (Lye)
so that if the l e m m a is true for the tree T* constructed from T by replacing Vk
and the first r terminal vertices by a single terminal vertex t* with
R(t*) = R(1)+...+R(r) observations, it must also be true for T. Since r > 2,
tree T* has fewer terminals than T and we m a y repeat our argument until all
vertices V o f T have been removed from the sum in the same way as Vk, and
replaced by log Lv.
T h e o r e m 2. Let T be a tree for generating m-tuple data. For the i-th cell in
It

the experimental design let ~oi > O, i = 1 . . . . . n, be such that ~ agi = 1. l f N
i=l

is the total sample size and N i = ~ i N f o r i = 1. . . . . n, then for all S s T a n d
sufficiently large n, lira N -1 (log L(T) - log L(S)) = Cs for some Cs > O,
N~

with probability 1.
Proof. We first show that as N --~ ~o, the estimators given by the true tree
p(t) = ~o ~1 ...~k ---)p(t)
for each cell i and each type t. To do this, we require that each N v ~ oo as
N ---) oo, so that we can m a k e use of the convergence properties o f the maxi m u m likelihood estimators kj.
Consider first the M,,~ Ni ; (/7°(1) . . . . . p°(mo)) experiment associated
with the root o f the tree at cell i. Since Ni = a~iN, if N ~ oo, then Ni ---) oo, so
that with probability 1,

tim

RoQ.) = pOCj )

N~

for all j = 1, . . . . mo. If the j-th vertex co-linear with the m o t is a nonterminal vertex V, then with probability 1, N V = R°(j) will also tend to
since we have a s s u m e d p ° ( ] ) > 0. Thus for all j = 1 . . . . . mv
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tim (NV)-I R v(/.)= p v(j-)
N-->o~

and so on, for all non-terminal vertices in the tree.
Then for any cell i and any type t,
k

tim
N">**

= H

lira

j=o N ~ ' ~
= 7£0 7£I ...TCk

= p(t)

Now consider inference using the same data but based on any other
(incorrect) tree structure S. As N---->~ , the estimates of all the parameters
will converge despite the fact that the data were gcnerated by the tree S (cf.
Bishop et al. 1977, section 14.8.3, p. 513). Let ~(t) and q(t) represent the
estimates and limiting estimates of the terminal m-nomial probabilities for the
i-th cell.

lim N -1 ( log L(T) - log (S))
n

"Oi

m

= N-~o.timi~= aJiN tE=lR(t) ( log t3(0 - log ~(t))
II

F¢I "

= ~_, aJi ~_, lim R(t)/Ni [log (p(t)/[7(t)]
i=1

t = l N--->o~

N

m

= ~_~ aJi ~, p(t) log (p(t) / q(t))
i=1

= Cs

t=l

.

Cs > 0, since the q(t) are not identical to the p(t), by Theorem I, and the
unique minimum of ~ p(t) log (p(t) / q(t)) over all sets of m-nomial probaNow

m

n=l

bilities (q(1) . . . . .

q(m)) is attained at q(t) =p(t).
3. Simulation Analysis

The theorem of the previous section assures us that asymptotically the
likelihood of the true tree L(T) is greater than the likelihood of any other tree
L(S) for almos~ all values in the two parameter spaces, one defined by the o~'s
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Figure 3. Five differenttree structures for four outcomes.
and the other by the [3's. In other words, asymptotically the probability P that
the correct tree T will be inferred is 1 for almost all values of the parameters.
How large does N have to be for P to be sufficiently close to 1 and how does
P depend on other characteristics of the experimental design? Knowledge of
the distribution of L ( T ) - L ( S ) or even of its first and second moments could
help us answer these questions but this is beyond the scope of this paper. In
this section we use simulation to investigate the characteristics of the design
on which P depends. Our goal is to delineate a range for each of these
characteristics within which essentially all the variation in P, from nearly
zero to nearly one, occurs.
The characteristics we will study are the number of explanatory variables, the " s p r e a d " in parameter values and the sample size. For simplicity,
these characteristics will be each studied separately although of course the
probability P depends simultaneously on all of these characteristics. In each
study the values of the characteristics not being investigated will be held at
fixed values within the range of interest.
We focus on the 4-nomial case since it illustrates the structural diversity possible among trees while remaining computationaUy quite tractable.
First, we observe that among the 26 possible trees with four outcomes A, B, C
and D there are really only 5 different tree structures (see Figure 3).
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It is thus only necessary to simulate data according to these five trees,
all the other 21 being obtained by different labelings of the terminal vertices
of these five. (N.B. Two labelings differ if at least one outcome represents a
different sequence of experiments in the two schemes. The left-to-right
disposition on the page is not otherwise of importance.)
3.1

Performance of Method as a Function of the N u m b e r of Variables

In this section we carry out simulations to investigate the effect of d,
the number of independent explanatory variables, on the probability P that
the true tree T will be correctly inferred. This effect is studied with data generated according to a 2 a factorial design.
Whatever the tree T and experimental design that generated the data
set, if the model being used throughout the inference involves no explanatory
variables (d = 0), then it is easy to show that every tree has the same likelihood. We can expect that with a sufficiently large number of explanatory
variables used in the model, the method will perform well. In all cases, the
model used in the inference involves the same experimental design as the one
used to generate the data. Thus we do not address the question of inferring
the number of factor levels, the better to focus on the inference of 71.
The values of the coefficients ~ of the vectors X carry information
which helps elucidate the structure of the true tree T. Some set of values c~,
specific to each tree structure, better distinguishes among data sets in inferring the correct tree. We thus chose for each tree a set of values for the ct
among those investigated in the next sub-section, that was found to carry the
most information on the structure of the tree.
The number of trials Ni for each cell i was fixed at 50, a sample size for
which we could still find interesting variability for P. If N i had been chosen
much bigger then the dependence of P on d would have been confounded by
the asymptotic property of the sample size. For smaller Ni this dependence
could have been masked by the poor behavior of the method for small size Ni
(cf. sub-section on performance as a function of sample size).
Given a true tree T, a correspondingly appropriate set of values for the
ix, and Ni = 50, we generated 10 sets of data for each d = 2, 3, 4. We counted
the number of times the true tree T was chosen and plotted these values
against d, the number of factors. This experiment was repeated for each of
the 5 possible types of tree structure. Figure 4 gives the results of the simulation analysis for each tree T. We note the sharp dependence on d of the frequency that tree T is correctly inferred.
The values of the parameters used in this analysis are given in Table I
for each tree T. Note that the variables Xj for the 2 `/factorial experiment are
0-1 variables where there are only d independent explanatory variables.
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4-way
Level
1 2 3 4

3-way
Level

2-way
Level

I

1

2 3

2

(1)

~

A

N

~

(1) o u ~ m e

B

C

.1,.7,.1,.1
.7,.1,.1,.1

.1,.1,.1
.1,.1,.7
.1,.7,.I
.7,.1,.I

.I,.1
.I,.I
.1,.7
.7,.I

A
B
2

.1,.1,.8,.1
.I,.8,.1,.1
.8,.1,.1,.8

.1,.1,.8
.1,.8,.1
.8,.1,.1

.1,.1
.I,.8
.8,.1

C

.1, D,.5,.5
.9,.1,.5,.5

.1, .9, .5

.2, .8

D

.9, .1, .5

.8, .2

2
D

.8,2,.8,.2
&.8,.2,.8

.6, .4, A
.4, .6, .6

.6, .6
A, A

A

B
C

.1,.1,.8,.1
.1,.8,.1,.I
.8,.1,.I,.8

.1, .1, .8
.I, .8, A
.8, .1, .1

.2, .2
.2, .6
.6, .2

2
3

.2, .2, .8, .8
.8, .8, .2, .2

.2, .8, .4
.8, .2, .6

.2, .8
.8, .2

A

.1,.1,.1,.7

B

.I,.1,.7,.1

C
D

(1) o u ~ m e

~

"D

(1)

A

B

C

(1)

(1) o u ~ m e
~

A

B

C

ou~mc

D

outcome

D

(I)

(1) outcome

A

.1, .9, .5,.5

B

.9, .1, .5, .5

.1, .9, .5
•9, .1, .5

.2, .8
.8, .2

(3) outcome

C
D

.5, .5, .1,.9
.5, .5, .9, .I

•5, .1, .9
.5, .9, .1

.8, .2
.2, .8

(1) outcome

A
2

.2, .2, .2, .8
.8, .8, .2, .2

.2, .2, .8
.8, .2, .2

.2, .8
.8, .2

('2) outcome

B
3

.2, .2, .8, .2
.8, .8, .2, .8

.2, .2, .8
.8, .8, .2

.2, .8
.8, .2

(3) outcome

C

.2, .8, .2, .2,
.8, .2, .8, .8

.2, .2, .8
.8, .8, .2

.2, .8
.8, .2

(2) outcome
A

B

C

D

(1)

A

B

C

D

D
Table I.

Five different models. Sets o f (transformed) ccvfficients for studying the
effects o f number of levels. N i = 50 and the untransformed coefficient ctt0
= 0 throughout.
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Our tables of values of model parameters contain only the coefficients of
these independent variables. Moreover, instead of reporting the values of the
o~ on the logistic scale, we have transformed these values by the inverse of the
logistic function, so that each transformed value can be interpreted as the probability o f observing a certain type t if the corresponding variable were the
only one which had an effect. Thus the t-th line in each matrix contains the
transformed values of the effects of the d independent explanatory variables
on the probability of observing the type t.
We conclude that despite the fact that the t~ were chosen to be informative with respect to the structure of the tree and that we used the appropriate
experimental design in the inference, a 2 d experimental design where d > 3 is
necessary. Indeed, for the first three trees, the value d > 4 seems to be necessary for P to have a reasonably high value. These three trees all involve an
mi-nomial where ra i > 3. The other two trees involving only binomial experiments behaved differently. A 2 3 experimental design appears to be sufficient
for the fourth tree, and as for the last tree, the method performs relatively
poorly, though this may be because no particularly informative set of t~'s was
found for that tree.
Simulations like those in Table 1 but with di fferent sets of t~'s tended to
give markedly inferior values for the estimated value of P. This will be discussed in the next section.
It is clear that a minimal number of factors is needed to infer the true
tree with a reasonable sample size. We can show that at least two factors are
needed. Further research might prove that the minimal useful d is linked to
the maximum number of branches incident to a vertex of the true tree.

3.2

P e r f o r m a n c e of M e t h o d as a Function of P a r a m e t e r Value

In this section we investigate the dependence of the probability P of
inferring
the
correct
tree
on
parameter values.
Clearly,
if
p(1) = p(2) =...= p ( m ) for each cell i, i = 1 . . . . . n, then the o~'s are all equal
to 0 and all trees are equally likely. When a subset of the o ' s are zero, then,
for each cell, the set { p ( k ) , k = 1 . . . . . m } o f the tree T may correspond completely to the set { q ( k ) , k = 1 . . . . . m } of another tree S, that is
p ( k ) = q ( k ) , k = 1 . . . . . m , so the two trees yield the same likelihood. This is
in accordance for the "almost all" qualification in the theorems of the
preceding section. When all the c~'s are only slightly different from those in
these degenerate cases then the set { p ( k ) , k = 1 . . . . . m } differs only a little
from the set { q ( k ) , k = 1 . . . . . m } , that is, for each k = 1 . . . . . m , p ( k ) is only
slightly different from q ( k ) , and the likelihood of these trees will then also be
slightly different. Which of the o ' s must be different from zero and how
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different from zero do these a's have to be for P to become large? This question is rather difficult and we offer only a partial answer.
Given the result of the preceding section, we chose a 24 experimental
design to generate the data sets. As in the preceding section, we fixed Ni, the
number of trials for each cell i, to be 50, in order to ensure variability in the
probability P.
We note first that for Ni = 50 and d = 4, we examined many sets of a ' s
which all led to poor inferential performance, before finding a rule-of-thumb
for constructing sets which were particularly informative for a given tree.
Given a tree T, a 24 experimental design, and N i equal to 50, we generated 10 data sets for each different set of parameter values. These values
are given in Tables 2 and 3. We only report the simulation analysis where T
corresponds to a four-nomial experiment and where T corresponds to a trinomial followed by a binomial.
These sets of values illustrate the depcndcnce of P on the parameter
spread, which in turn determines the degree of discrepancy among the p(t),
t = 1. . . . . m. We note in the first matrix of Table 3 that all effects are equal
except for one variable that is different for each type (t). For this variable, the
probability is heavily weighted. For such a structure the probability p(t),
t = 1. . . . . m differs markedly from cell to cell. This situation is at the polar
opposite of the one where all probabilities p(t) arc equal. We thus expect for
this matrix of values of co's, the probability of inferring the correct tree to be
relatively large. As we scan the array of matrices from left to right and from
top to bottom we note that all the ¢z in each row become nearly equal in that
the most heavily weighted one gradually diminishes. Thus the discrepancy
among the probabilities p(t) tends to be smaller. We expect that the probability of correctly inferring the tree should decline correspondingly. The results
of the simulation analysis support this idca. (See Figures 5 and 6 where the
true tree corresponds to a four-nomial and a trinomial followed by a binomial
respectively.)
Though we have thus succeeded in demonstrating the importance of
parameter spread for correct inference, we have done this only through a
series of particular examples which have clearly decreasing degrees of
parameter spread. It would be helpful to have a general characterization of
the notion of parameter spread which could be calculated on an arbitrary set
of a ' s and which would have predicti~ce value for the probability of correct
tree inference.
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~vel
1234
outcome

outcoll~

~el
1234

~vel
1234

A

.1,.1,.1,.7

.1,.1,.1,.6

B

.1,.I,.7,.1

.I,.1,.~.1

C
D

.1,.7,.1,.1
.7,.1,.I,.1

~.6,.1,.1
.6,~,.2,.2

A
B
C
D

.1,.1,.1,.4
.2,.2, A , . 1
.3,.4,~,.2
.4,.3,.3,.3

.1,.1,.1,.5
.1,.1,.5,.1
.2,.5,.2,.2
.5,~,.2,.2

.I~.10,.I0,.39
.~,.~,.~,.10
.26,.~,.25,.25
.39,.26,.26,.26

.10,.I0,.10,.35
.25,.25,.35,.10
.30,.35,.25,.25
.35,.30,.30,.30

(1)
outcome

A

B
C
D

.2,.2,.3,.3
.2,.2,.3,.3
.3,.3,.2,.2
.3,.3,.2,.2

A

B

C

D

Four-nomial model. Sets of (transformed) coefficients for studying the
effects of parameter spread. N i = 50 and the untransformed coefficient

Table 2.

atO = 0 thoughouL
~vel
1234
outcome

outconle

outcome

Table 3.

~vel
1234

A
B
2

.1,.I,.8,.1
.1,.8,.1,.1
.8,.I,.1,.8

.1,.1,.7,.1
.2,.7,.1,.2
.7,.2,.2,.7

C
D

.1,.9,.5,.5
.9,.1,.5,.5

.3,.7,.5,.5
.7,.3,.5,.5

A
B
2

.2,.2,.6,.2
.2,.6,.2,.2
.6,.2,.2,.6

.2,.2,.5,.2
.3,.5,.2,.3
.5,.3,.3,.5

C
D

.4,.6,.5,.5
..6,.4,.5,.5

.4,.6,.5,.5
.6,.4,.5,.5

A
B
2

.3,.3,.4,.3
.3,.4,.3,.3
.4,.3,.3,.4

C
D

.4,.6,.5,.5
.6,.4,.5,.5

O)

A

a

C

D

Tri-nomial followed by a binomial. Sets of (transformed) coefficients for
studying the effects of parameter spread. N i = 50 and the untransformed
coefficient (zt0 = 0 throughtout.
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correct
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I

I
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Value of the most heavily weighted coefficient

I
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Figure 5. Performance of method for simulated data. True tree consists of one 4-nomial
experiment. See Table 2 for experimental design, N = 50.
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Value of the most heavily weighted coefficient

Figure 6. Performance of method for simulated data. Tnle tree consists of one 3-nomial followed by a binomial experiment. See Table 3 for e:1perimentat design, N = 50.
t
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Performance of the Method as a Function of Sample Size

We next investigate the effect of the sample size on the probability P of
correct inference. For a 24 design and a given set of values of ~'s (Table 4)
corresponding to a four-nomial tree, 10 data sets were generated for each
Nz = 30, 40, 50, 60, 70, 80, 90, 100. The set of c~'s was chosen to take into
account the results of the preceding section: the estimated P was .7 for
Ni = 50. For other values of the eds, P was either close to I for Ni = 50 or
had a low value so that only very large values of Ni could improve P. As
shown in Figure 7, with the ~'s chosen, the value of P remained fairly stable
around Ni = 50, reached .9 for Ni = 70 and was always above .5 for small
values of N i.
The same type of simulation was performed for a tree corresponding to
a trinomial followed by a binomial, for the values of ct's given in Table 5. As
shown in Figure 8, the method performed well for values of N; around 50,
improved rapidly forNi > 50 and declined rapidly forNi < 50.
To illustrate the theorem on asymptotic behavior, the value of
(log L(T) - log L(S) / N) where N = ~ Ni w a s calculated in the first of the
two simulation analyses, where T is the true tree and S corresponds to a trinomial followed by a binomial. The mean of (log L(T) - log L(S) / N) over the
10 simulated data sets was calculated for each N and was plotted against N.
Figure 9 suggests that the constant Cs lies somewhere in the strip between
0.002 and 0.004.
4. S u m m a r y
Accuracy of the method depends most strongly on the number of
different factors. While the actual number of factors necessary will depend
on the size of the tree, it is clear that at least three cross-cutting factors and
preferably four or more will be required for reliable reconstruction. The
method is also very sensitive to parameter spread. Tree reconstruction accuracy drops offrather sharply as the values of the different variables within a
factor approach each other. Finally, accuracy depends on sample size, as was
established by the theorem, but this dependence is predictably gradual.
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Level
1 2

A
B
C
D

outcome

.1,
.2,
.2,
.5,

.1,
.2,
.5,
.2,

3 4

.I,
.5,
.2,
.2,

(I)

.5
.1
.2
.2

1

/

~

/1\\

A

B

C

O

Four-nomial model. Transformed coefficients of independent
variables used to study effect on performance of total sample size
(the untransformed coefficient cot0 = 0).

Table 4.

Level
1234
(t) outcome

(2) outcome
Table 5.

A
B
2

1., .1, .7, .1
.2, .7, .I, .2
.7, .2, .2, .7

/

O)
~

C
D

.3, .7, .5, .5
.7, .3, .5, .5

A

8

C

O

Tri-nomial followed by a binomial. Sets of (transformed) coefficients
for studying the effect of total sample size; the untransformed
coefficient at0 = 0 throughout.

10
9
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•
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1000

2000

,I
3000

N = Z N= Total sample size

Figure 7. Performance of method for simulated data. True tree consists of one 4-nomial
experiment. See Table 4 for experimental design.
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10
9

O e

O

8
7

Number
correct

6
5
4
3
2
1

I
200

f

I
600

I

1. . . .

I

I

I

1000

2000

3000

4000

N = ~ N t Total sample size

Figure 8. Performance of method for simulated data. True tree consists of one 3-nomial followed by one binomial experiment. See Table 5 for experimental design.

.0040
e
.0036
.0032

e

.0028

O

e

.0024
CS
,0020
,0016
e
,0012

.0008
.0004
I

1

1

200

600

1000

f
2000
N: Total sample size

Figure 9. Performance of method for simulated data. Cs = mean (

I,
3000

log L(T) - log L(S) ) is
N

calculated for 10 simulated data sets for each N. True tree T consists of one 4-nomial experiment tree and tree S consists of one 3-nomial followed by one binomial experiment. See Table
4 for experimental design.
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