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Abstract. Comparing genomes in terms of gene order is a classical combinatorial optimization problem in computational biology. Some of the
popular distances include translocation, reversal, and double-cut-andjoin (abbreviated as DCJ), which have been extensively used while comparing two genomes. Let dx , x ∈ {translocation, reversal, DCJ}, be the
distance between two genomes such that one can be sorted/converted
into the other using the minimum number of x-operations. All these
problems are NP-hard when the genomes are unsigned. Computing dx ,
x ∈ {translocation, reversal, DCJ}, between two unsigned genomes
involves computing a proper alternating cycle decomposition of its breakpoint graph, which becomes the bottleneck for computing the genomic
distance under almost all types of genome rearrangement operations and
prohibits to obtain approximation factors better than 1.375 in polynomial time. In this paper, we devise an FPT (ﬁxed-parameter tractable)
approximation algorithm for computing the DCJ and translocation distances with an approximation factor 4/3+ε, and the running time is
∗
O∗ (2d ), where d∗ represents the optimal DCJ or translocation distance.
The algorithm is randomized and it succeeds with a high probability. This
technique is based on a new randomized method to generate approximate
maximum alternating cycle decomposition.

1

Introduction

Computing genomic distance on gene order is a fundamental problem in computational biology. In the last two decades, a variety of biological operations, such as
reversals, translocations, fusions, ﬁssions, transpositions and block-interchanges,
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have been proposed to handle gene order. The double-cut-and-join operation,
introduced by Yancopoulos et al. [22], uniﬁes all the classical operations. In
the past, the rearrangement distance for signed genomes is well studied by
single operations (like reversals) [15], combinations of operations (reversals,
translocations, fusions and ﬁssions) [16] and universal operations (double-cutand-join) [2,22].
Unfortunately, as for unsigned genomes, almost all these problems are NPhard. Then people resort to approximation algorithms. Christie devised a factor1.5 approximation algorithm for sorting unsigned genomes by reversals [8], and
the approximation factor was improved to 1.375 by Berman et al. in 2002 [4].
Cui et al. investigated the problem of sorting by unsigned translocations and
proposed an algorithm with an approximation factor 1.5 + ε [9]. This bound was
improved to 1.408+ [17] and recently further to 1.375 [21]. The problem of Sorting by Transpositions was ﬁrst studied by Bafna and Pevzner [1], who devised
an 1.5-approximation algorithm which runs in quadratic time. The bound was
improved to 1.375 by Elias and Hartman in 2006 [11]. As far as we know, the best
polynomial-time approximation algorithms for the unsigned DCJ distance problem has a factor 1.408 +  [7]. Among almost all these problems, a bottleneck to
break the 1.375 barrier seems to be on decomposing the breakpoint graph (to be
deﬁned formally) into maximum (edge-disjoint) alternating-cycles. We make fundamental contributions in this paper on using FPT approximation algorithms.
The design of FPT algorithms for genome rearrangement problems was started
very recently. With the help of weak kernels, sorting unsigned genomes by either
reversals, translocations or DCJs admits small weak kernels, hence are in FPT
with a running time O∗ (4k ), where k is the solution value [18,19]. However, this
algorithm is only practical for k bounded from above by around 20 to 25.
In this paper, we devise a new randomized algorithm for maximum
alternating-cycle decomposition. Consequently, we design an FPT approximation algorithm for sorting unsigned genomes by DCJ operations (resp. by translocations), the approximation factor reaches 4/3+ε, and the running time is
∗
O∗ (2d ), where d∗ represents the optimal DCJ distance (resp. translocation distance). The algorithm is randomized and it succeeds with a high probability.

2

Preliminaries

We ﬁrst deﬁne the basics regarding gene, chromosome and genome. An unsigned
gene is a sequence of DNA, which is denoted by a positive integer. A chromosome
can be viewed as a sequence of genes and denoted by a permutation, while a
genome is a set of chromosomes. A gene that lies at the end of some linear chromosome is called an ending-gene. Gene gi and gj form an adjacency if they are
consecutive in some chromosome. An adjacency (gi , gi+1 ) is trivial if it satisﬁes
|gi+1 − gi | = 1. A chromosome is trivial if every adjacency is trivial. A genome
is trivial if all its chromosomes are trivial.
In the context of sorting genomes, the comparative order of the genes in the
same chromosome does matter, but not the order of chromosomes and the direction of a whole chromosome, which implies that each chromosome can be viewed
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in both directions. In the case of signed genomes, a chromosome gi , gi+1 , · · · , gj 
is equivalent to −gj , · · · , −gi+1 , −gi ; and in the case of unsigned genomes, a
chromosome gi , gi+1 , · · · , gj  is equivalent to gj , · · · , gi+1 , gi .
2.1

Breakpoint Graph of Signed and Unsigned Genomes

Now, we recall the well-known tool for computing the genomic rearrangement
distance, the Breakpoint Graph. Given signed genomes X and Y over the same
set of genes (WLOG, assume that Y is trivial), the breakpoint graph Gs (X, Y )
can be obtained as follows: for each chromosome S = [x1 , x2 , . . . , xni ] of X,
replace each xi with an ordered pair (l(xi ), r(xi )) of vertices. If xi is positive,
then (l(xi ), r(xi )) = (xti , xhi ); and if xi is negative, then (l(xi ), r(xi )) = (xhi , xti ).
If the genes xi and xi+1 are adjacent in X, then we connect r(xi ) and l(xi+1 )
by a black edge in Gs (X, Y ). If the genes xi and xi+1 are adjacent in Y , then we
connect r(xi ) and l(xi+1 ) by a gray edge in Gs (X, Y ). Every vertex (except the
ones at the two ends of a chromosome) in Gs (X, Y ) is incident to one black and
one gray edge. Therefore, Gs (X, Y ) can be uniquely decomposed into cycles, on
which the black edges and gray edges appear consecutively. A cycle containing
exactly i black (gray) edges is called an i-cycle.
As for unsigned genomes, the breakpoint graph is a bit diﬀerent. Given two
unsigned genomes X and Y on the same set of n genes, the Breakpoint Graph
Gu (X, Y ) = (V, Eb ∪ Eg ), where |V | = n and each vertex in V corresponds to a
gene, every adjacency in X forms a black edge belonging to Eb and every adjacency in Y forms a gray edge belonging to Eg . The breakpoint graph Gu (X, Y )
can be decomposed into a set of edge-disjoint cycles, denoted as D, and on each
cycle, the black edges and gray edges appear alternatively.
2.2

The Signed DCJ Distance Formula

Let b (resp. c) be the number of black edges (resp. cycles) in Gs (X, Y ). Yancopoulos et al. proved the following theorem [22].
Theorem 1. Let ds (X, Y ) be the (optimal) signed DCJ distance between X and
Y . Then ds (X, Y ) = b − c.
2.3

The UDCJ Problem

The Double-Cut-and-Join Operations. The Double-Cut-and-Join operation (abbreviated as DCJ) uniﬁes all the traditional genome rearrangement operations such as reversal, translocation, fusion, ﬁssion, transposition and blockinterchange, as well as excision, integration, circularization and linearization.
The formal deﬁnition of the DCJ operation on the breakpoint graph (for both
signed and unsigned genomes) is as follows.
Definition 1. The Double-Cut-and-Join operation acts on the Breakpoint
Graph in the following four ways (Fig. 1):
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Fig. 1. The DCJ Operation.

1. For two black edges b1 = (gi , gi+1 ) and b2 = (gj , gj+1 ), cut them, and either
form two new black edges b1 = (gi , gj+1 ) and b2 = (gj , gi+1 ) or form two new
black edges b1 = (gi , gj ) and b2 = (gi+1 , gj+1 ).
2. For a black edge b = (gi , gi+1 ) and an end-gene gj , cut the black edge, and
either form a new black edge b = (gi , gj ) and a new end-gene gi+1 or form a
new black edge b = (gj , gi+1 ) and a new end-gene gi .
3. For two end-genes gi and gj , join them with a black edge (gi , gj ).
4. For a black edge b = (gi , gi+1 ), cut it into two end-genes gi and gi+1 .
We now formally formulate the problem to be investigated in this paper.
Sorting Unsigned Genomes by the DCJs (UDCJ):
Input: Two unsigned linear genomes X and Y , Y is trivial, and an integer k.
Question: Can X be converted into Y by a series of k DCJs ρ1 , ρ2 , · · · , ρk .
The minimum k is the unsigned DCJ distance between X and Y .
Throughout this paper, we assume that the ending-gene sets of X and Y are
the same, since the details to handle genomes with diﬀerent ending-gene sets is
not the main purpose of this paper.
Coming back to the technical details, since each ending-gene of X and Y is
incident to only one black edge and one gray edge; and each of the rest genes is
incident to exactly two black edges and two gray edges, the ways to decompose
Gu (X, Y ) into cycles might not be unique. Caprara showed that computing a
maximum alternating-cycle decomposition (MAX-ACD) of the breakpoint graph
is NP-hard [5], which implies that UDCJ is also NP-hard. We comment that the
best polynomial-time approximation for MAX-ACD only has a factor 1.4193 + 
[20].
2.4

Converting Unsigned Genomes into Signed Ones

A natural way to solve UDCJ is to convert the unsigned genome into a signed
one, then resort to the algorithm for computing the signed DCJ distance. But,
how to convert an unsigned genome into a ‘good’ signed genome, which would
result in a smaller DCJ distance? Once we have a cycle-decomposition D of
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Gu (X, Y ), we can obtain two signed genomes X̄ and Ȳ by assigning a sign to
each gene in X and Y such that Gs (X̄, Ȳ ) = D.
As Y is trivial, we arrange all its chromosomes monotonously increasing, then
assign all its genes positive. Therefore, all gray edges in Gs (X̄, Ȳ ) have the form
((xi )h , (xi + 1)t ).
Next, we show how to assign a proper sign to each gene in X (to obtain
X̄). An ending-gene is positive if it lies at the same (i.e., both left or both
right) ends of some chromosome in X and some chromosome in Y ; otherwise,
it is negative in X. For a non-ending gene xi , according to the two gray edges,
((xi )h , (xi + 1)t ) and ((xi − 1)h , (xi )t ) in the cycle decomposition, we assign xi
positive if ((xi − 1)h , l(xi )) is a gray edge in the given cycle decomposition; if
((xi − 1)h , r(xi )) is a gray edge in the given cycle decomposition, then xi is
assigned a negative sign. See Fig. 2 for an example.

Fig. 2. (a) The breakpoint graph Gs (X̄, Ȳ ) for the signed case, where
X̄={[1, −3, −2, 4], [5, −7, −8, 6, 9]} and Ȳ ={[1,2,3,4], [5,6,7,8,9]}. (b) The breakpoint
graph G(X, Y ) for the unsigned case, where X={[1,3,2,4], [5,7,8,6,9]} and Y ={[1,2,3,4],
[5,6,7,8,9]}. (a) is a cycle decomposition of (b).

Finally, a ﬁxed-parameter tractable (FPT) algorithm for a decision problem Π with solution value k is an algorithm which solves the problem in
O(f (k)nO(1) ) = O∗ (f (k)) time, where f is any function only on k, n is the
input size. FPT also stands for the set of problems which admit such an algorithm [10,12].
In summary, to solve UDCJ eﬃciently, we need to ﬁnd a proper cycle decomposition of the breakpoint graph. We handle this NP-hard problem by designing
an FPT approximation algorithm. This is the main content in the next section.

3

An FPT-time Approximation Algorithm

In this section, we present a factor-(4/3 + ) FPT-approximation algorithm for
∗
UDCJ, which runs in O∗ (2d ) time, where d∗ is the optimal DCJ distance. We
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try to decompose the breakpoint graph into enough number of small cycles (i.e.,
cycles containing 1, 2, and 3 black edges, formally called 1-cycles, 2-cycles and 3cycles henceforth), with a new randomized method. The algorithm is randomized
and it succeeds with a high probability.
3.1

General Sketch

Jiang et al. [19] showed that all the possible 1-cycles could be kept in the cycle
decomposition by the following lemma.
Lemma 1. There exists some optimal cycle decomposition containing all the
existing 1-cycles.
Hence, our cycle-decomposition will keep all the 1-cycles, and is always compared
with an optimal cycle-decomposition which also keeps all the 1-cycles.
Let c∗i be the number of i-cycles in some optimal
from
 cycle-decomposition,

the signed DCJ distance formula ds (X, Y ) = b − i≥1 c∗i . Since b = i≥1 i ∗ c∗i ,

we have i≥3 c∗i ≤ 13 (b − c∗1 − 2c∗2 ), that results in, ds (X, Y ) ≥ b − c∗1 − c∗2 − 13 (b −
c∗1 − 2c∗2 ) = 23 (b − c∗1 ) − 13 c∗2 = 23 (b − c∗1 − 12 c∗2 ), which implies that, to achieve an
approximation factor of 1.5, it is suﬃcient to ﬁnd a half number of 2-cycles of
the optimal cycle-decomposition.
Moreover, if we can ﬁnd an α portion of 2-cycles and
 a β portion of 2-cycles
and 3-cycles, then use the bound, ds (X, Y ) = b − i≥1 c∗i ≥ b − c∗1 − c∗2 −
c∗3 − 14 (b − c∗1 − 2c∗2 − 3c∗3 ), together with the conditions c2 ≥ α ∗ c∗2 , c2 + c3 ≥
β ∗ (c∗2 + c∗3 ), and dalg (X, Y ) ≤ b − c∗1 − c2 − c3 , the approximation factor could
3α−β−αβ
become max{ 43 , 2 − α, 3−β
2 ,
2α−β } [6].
Our idea is to ﬁnd an α portion of 2-cycles, and a β portion of 2-cycles as
well as a γ portion of 3-cycles. We will show that, ignoring some small constant
, α ≥ 56 , β ≥ 35 , and γ ≥ 35 ∗ 57
64 , which leads to an approximation 4/3.
Now we give the details of our algorithm. By cycle decomposition, we aim at
ﬁnding small cycles, but searching cycles directly from the breakpoint graph will
not guarantee enough number, that is because cycles in the breakpoint graph
could possibly share some edges, and it is necessary to compute an independent
set from them. Our main idea is to ﬁx the sign of some genes, then ﬁnd cycles
from the partly decomposed breakpoint graph, so that we can obtain more cycles.
3.2

Finding 2-Cycles

Let V2 be the set of vertices, each of which is involved in at least two 2-cycles in
the breakpoint graph. (Following [6], the intersection graph of the 2-cycles has
a maximum degree of 6. By the following random selection procedure, together
with the enumeration of the signs of the selected vertices, we show that the
intersection graph of these ‘partial’ 2-cycles has a maximum degree of 3.) We
randomly choose |V2 |/2 vertices and enumerate all possible combinations of signs
for them. Under each combination of sign assignment, the breakpoint graph
could be partly decomposed. A candidate 2-cycle is a 2-cycle which could exist
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subject to the current sign assignment, and at least one vertex has a sign ﬁxed.
Nonetheless, in the partly decomposed breakpoint graph, some of the candidate
2-cycles could share edges and could not co-exist in any cycle decomposition. Let
Cc2 be the set of candidate 2-cycles. Construct a conﬂict graph Gc2 = (Cc2 , Ec2 ),
where each 2-cycle of Cc2 corresponds to a vertex, and there is an edge between
two vertices if and only if their corresponding 2-cycles share edges in the partly
decomposed breakpoint graph. Thus, an independent set of Gc2 represents the
conﬂict-free 2-cycles we ﬁnd.
Algorithm 1. Finding 2-cycles
1:
2:
3:
4:
5:
6:
7:

Identify vertices of V2 .
Choose |V2 |/2 vertices randomly.
for each combination of sign assignment for these chosen vertices do
Construct the conﬂict graph Gc2 .
Compute an approximate independent set Ic2 of Gc2 .
end for
Keep the 2-cycles corresponding to the maximum Ic2 .

5
Lemma 2. There exists an approximation algorithm with ratio r+3
− ε, for any
ε > 0, for the maximum independent set problem on a graph with maximum
degree r (see reference [3]).

3.3

Finding 2,3-Cycles

Let a 2,3-cycle be either a 2-cycle or a 3-cycle in the breakpoint graph. Let V23
be the set of vertices, each of which is involved in at least two 2,3-cycles in the
breakpoint graph. We randomly choose |V23 |/2 vertices, enumerate all possible
combinations of signs for them. Under each combination of sign assignment, the
breakpoint graph has been partly decomposed. A candidate 2,3-cycle is a 2-cycle
or a 3-cycle which could exist under the current sign assignment, and at least two
vertices have their signs ﬁxed. In the partly decomposed breakpoint graph, some
of the 2-cycles and candidate 3-cycles could share edges and could not co-exist
in any cycle decomposition. Each 2-cycle and candidate 3-cycles is composed of
paths, where each path is composed of black edges, or gray edges, or composed
of black edges and gray edges appearing alternatively. A candidate 2,3-cycles is
composed of at most four such paths. We view paths as elements, and candidate
2,3-cycles as sets of elements. We can construct a set packing system Sc23 , whose
basic elements are the paths and each candidate 2,3-cycles is a subset of at most
four elements. Thus, a set packing could be the 2,3-cycles we ﬁnd.
3
Lemma 3. There is a ratio p+1
− ε approximation algorithm, for any ε > 0, for
the maximum set packing problem with set size at most p and set degree bounded
(see reference [13]).
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Algorithm 2. Finding 2,3-cycles
1:
2:
3:
4:
5:
6:
7:

Identify vertices of V23 .
Choose |V23 |/2 vertices randomly.
for each combination of sign assignment for these chosen vertices do
Construct the set packing system Sc23 .
Compute an approximate set packing Pc23 .
end for
Keep the 2,3-cycles corresponding to the maximum Pc23 .

Algorithm 3. UDCJ-Final
1:
2:
3:
4:
5:
6:
7:

4
4.1

max
Run Algorithm 1 n times, among the computed Ic2 ’s, pick the largest one Ic2
.
max
.
Run Algorithm 2 n times, among the computed Pc23 ’s, pick the largest one Pc23
max
max
max
| ≥ |Pc23
|, then keep the 2-cycles corresponding to Ic2
,
If |Ic2
max
.
Otherwise, keep the 2,3-cycles corresponding to Pc23
Arbitrarily assign signs to the rest of genes so that every gene has a sign.
Compute the DCJ distance between the signed genomes.
Simulate the signed DCJ sorting process to the original unsigned genomes.

Performance Analysis
The Approximation Factor

As aforementioned, the approximation factor performance is determined by the
number of 2-cycles and 3-cycles we have found.
Lemma 4. Gc2 is a graph with maximum degree 3.
Proof. Omitted due to space constraint.
Corollary 1. Ic2 is an
of Gc2 .

5
6



− ε approximation for the maximum independent set

Lemma 5. Sc23 is a set packing system with set size at most 4 and set degree
bounded.
Proof. Each 3-cycle has exactly 6 vertices, since at least two of them have a ﬁxed
sign, each ﬁxed-sign vertex brings a ﬁxed connection of a black edge and a gray
edge. Then each 3-cycle has at most four undetermined connections, i.e., it is
composed of at most four paths.
Now we show that each path can be shared by at most 4 such 2,3-cycles.
Note that if three paths of such a 3-cycle are ﬁxed, then the 2,3-cycle is obtained.
Standing on an ending vertex of a path, we have at most two choices. After any
choice, the path is extended, i.e., two paths are connected together. To form
2,3-cycles, we have twice opportunities to make choices, which would result in
at most four 2,3-cycles. Thus, each subset could share elements with at most
4×(4 − 1)=12 other subsets. The set degree is bounded.
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Corollary 2. Pc23 is an
Sc23 .

3
5

− ε approximation for the maximum set packing of

Next, we bound the number of vertices in Gc2 and the number of subsets in
Sc23 . Let c∗i be the number of i-cycles in the optimal cycle decomposition.
1
Lemma 6. With probability 1 − eO(n)
, the maximum independent set of one Gc2
∗
at Step 1 in Algorithm 3 has a size greater than (1 − δ) 15
16 c2 for any 0 < δ < 1.

Proof. We show that each 2-cycle of the optimal cycle decomposition has a
probability of 15
16 to fall into Gc2 . If the 2-cycle has a vertex with a ﬁxed sign,
then it will surely become a candidate 2-cycle. If all its vertices do not have a
ﬁxed sign, then they are all in V2 . The probability that none of them is chosen
|v |/2

is

C|v 2|−4
2
|v |/2

C|v 2|

≤

1
16 .

Hence, we can conclude that, with probability

15
16 ,

we have

15
16

2

portion of 2-cycles of the optimal cycle decomposition in Gc2 ; moreover, they
form an independent set of Gc2 . If we view Xi as a random variable
 to put a
2-cycle of the optimal cycle decomposition into Gc2 and deﬁne X = i Xi , then
∗
E[X] = μ = 15
16 c2 .
By Chernoﬀ bounds, for any 0 < δ < 1,
P [X ≤ (1 − δ)μ] ≤ e−

δ2 μ
2

,

1
which means P [X ≤ (1−δ)μ] ≤ eO(1)
when μ is only a constant. For Algorithm 3,
as we repeat Algorithm 1 n times, the probablity that the MIS of all the n Gc2 ’s
1
1
∗
n
has a size at most (1 − δ) 15
16 c2 is at most ( eO(1) ) = eO(n) .
1
Therefore, with probability 1 − eO(n) , the MIS of one of the Gc2 at Step 1 in
∗

Algorithm 3, has a size greater than (1 − δ) 15
16 c2 for any 0 < δ < 1.

As δ could be arbitrarily small, we would use this size as
Theorem 2.

15 ∗
16 c2

in the proof of

1
, the maximum set packing of one of the
Lemma 7. With probability 1 − eO(n)
∗
Sc23 at Step 2 in Algorithm 3 has a size greater than (1 − δ)(c∗2 + 57
64 c3 ) for any
0 < δ < 1.

Proof. We show that each 3-cycle of the optimal cycle decomposition has a
probability of 57
64 to be a candidate 3-cycle. If the 3-cycle has two vertices whose
signs are ﬁxed, then it will surely become a candidate 3-cycle. If the 3-cycle
has exactly one vertex whose sign is ﬁxed, then the other ﬁve vertices do not
have a ﬁxed sign, so they are all in V23 . The probability that none of them is
|v

chosen is

|/2

C|v 23|−5
23
|v |/2
C|v 23|
23

≤

1
32 .

If all its vertices do not have a ﬁxed sign, then they
|v

are all in V23 . The probability that none of them is chosen is
probability that exact one of them is chosen is 6 ×

|v

|/2

C|v 23|−6
23
|v |/2
C|v 23|
23

≤

|/2

C|v 23|−6
23
|v |/2
C|v 23|
23

6
64 .

≤

1
64 .

The

Hence, we can
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1
6
conclude that an expected 1 − 64
− 64
= 57
64 portion of 3-cycles of the optimal
cycle decomposition are in Sc23 ; moreover, together with the c∗2 2-cycles of the
optimal cycle decomposition, they form a set packing of Sc23 . Note that a 2-cycle
has only 4 edges, by Lemma 5, all of the c∗2 2-cycles will be in the set packing
solution.
By an argument similar to Lemma 6, we conclude that, with probability
1
, the maximum set packing one of the Sc23 ’s at Step 2 of Algorithm 3,
1 − eO(n)
∗

has size greater than (1 − δ)(c∗2 + 57
64 c3 ) for any 0 < δ < 1.

Again, as δ could be arbitrarily small, we would use this size as c∗2 +
proof of Theorem 2.
Theorem 2. With probability 1 −
distance within a factor 4/3+ε.

1
,
eO(n)

57 ∗
64 c3

in the

Algorithm 3 approximates the DCJ

Proof. Let ci be the number of i-cycles computed by Algorithm 3, c∗i be the
number of i-cycles in the optimal cycle decomposition. Let d∗ and d be the
optimal DCJ distance and approximated DCJ distance respectively. Let the
4
3
approximation factor be ρ, where
3 ≤ ρ ≤ 2.

∗
∗
∗
∗
∗
We have, d = b−c1 −c2 −c3 − i≥4 ci Since, i≥4 c∗i ≤ (b−c∗1 −2c∗2 −3c∗3 )/4,
and b − c∗1 ≥ 2c∗2 + 3c∗3 , then,
d∗ ≥ b − c∗1 − c∗2 − c∗3 − (b − c∗1 − 2c∗2 − 3c∗3 )/4
1
1
3
= (b − c∗1 ) − c∗2 − c∗3
4
2
4
1
3
1
1
= ((b − c∗1 ) + ( ρ − 1)(b − c∗1 ) − ρc∗2 − ρc∗3 )
ρ
4
2
4
1
3
1
1
≥ ((b − c∗1 ) + ( ρ − 1)(2c∗2 + 3c∗3 ) − ρc∗2 − ρc∗3 )
ρ
4
2
4
1
= (b − c∗1 − (2 − ρ)c∗2 − (3 − 2ρ)c∗3 )
ρ

(1)

This implies that, if the number of cycles we found satisfy c2 ≥ (2 − ρ)c∗2 and
c3 ≥ (3−2ρ)c∗3 , then the approximated DCJ distance computed by our algorithm
satisﬁes d ≤ b − c∗1 − c2 − c3 ; consequently, the approximation factor reaches to ρ.
From Corollary 1 and Lemma 6, with high probability, we have
15
5
max
| ≥ ( − ε) × c∗2 .
|Ic2
6
16

(2)

From Corollary 2 and Lemma 7, with high probability, we have
3
57
max
| ≥ ( − ε ) × (c∗2 + c∗3 ).
|Pc23
5
64

(3)

max
max
| and |Pc23
|
Now we show that, by a balanced analysis, at least one of |Ic2
∗
∗
are greater than (2 − ρ)c2 + (3 − 2ρ)c3 .
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3
57 ∗
∗

∗
We have two cases: either (I) ( 56 − ε) × 15
16 c2 ≥ ( 5 − ε ) × (c2 + 64 c3 ) or (II)
not.
3
57 ∗
∗

∗

In case (I): ( 56 −ε)× 15
16 c2 ≥ ( 5 −ε )×(c2 + 64 c3 ). Since ε and ε are very small
comparing with the other constants, for the sake of computation simpliﬁcation,
3 ∗
3
57 ∗
171 ∗
∗
we ignore them here. Then, ( 25
32 − 5 )c2 ≥ 5 × 64 c3 ; that is, c2 ≥ 58 c3 . Therefore,
25 ∗
∗
∗
if 32 c2 ≥ (2 − ρ)c2 + (3 − 2ρ)c3 , we are done. Solving this inequality,

(2 − ρ)c∗2 + (3 − 2ρ)c∗3 ≤ (2 − ρ)c∗2 + (3 − 2ρ) ×

58 ∗
25 ∗
c ≤
c ,
171 2
32 2

it holds provided that ρ ≥ 1.332. Together with the constraint that ρ ≥ 43 , we
choose ρ = 43 .
3
57 ∗
∗

∗
In case (II): ( 56 − ε) × 15
16 c2 < ( 5 − ε ) × (c2 + 64 c3 ). Similarly, we have
171 ∗
3
57 ∗
∗
∗
∗
∗
c2 < 58 c3 . If 5 × (c2 + 64 c3 ) ≥ (2 − ρ)c2 + (3 − 2ρ)c3 , then we are done. Hence
we need to prove,
3
3 57
− 3 + 2ρ)c∗3 ≥ (2 − − ρ)c∗2 .
( ×
5 64
5
Again, this inequality holds when ρ ≥ 1.332. Together with the constraint that

ρ ≥ 43 , we have ρ = 43 .
4.2

The Time Complexity
∗

Theorem 3. The time complexity of Algorithm 3 is O∗ (2d ), where d∗ is the
optimal DCJ distance.
Proof. The most time-consuming parts are enumerating all possible sign combination of V2 and V23 . d∗ ≥ b − c∗1 − c∗2 − c∗3 and c∗2 + c∗3 ≤ (b − c∗1 )/2, then,
d∗ ≥ (b − c∗1 )/2. Each vertex of V2 or V23 is connected to two black edges, while
each black edge has at most two unsigned genes as its endpoints, which means
that the number of unsigned genes of V2 or V23 is smaller than that of black
edges, e.g., |V2 | ≤ b − c∗1 ≤ 2d∗ and |V23 | ≤ b − c∗1 ≤ 2d∗ .
Hence while we choose a half of |V2 | vertices or a half of |V23 | vertices,
and enumerating all their combination of signs, the time complexity is at most
∗

O∗ (2d ).
In fact, we could extend our method to Sorting by Translocations [9,14,17,21].
We summarize the result as follows. The details will be given in the full version.
1
Theorem 4. With probability 1 − eO(n)
, there is an FPT algorithm which
approximates the translocation distance within a factor α = 4/3 + ε.

5

Concluding Remarks

We design a factor 4/3 +  FPT-approximation algorithm for the DCJ distance,
improving the previous (polynomial-time approximation) factor of 1.408+. The
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algorithm is randomized and it succeeds with a high probability. The running
time is bounded by O∗ (2k ); in fact, by O∗ (2x ) where x ≤ k, which makes it
practical for k at least as large as 40–50. The exact FPT algorithm for the
same problem takes O∗ (4k ) time, which is only practical for k bounded by
20–25 from above. Our algorithm involves a new randomized method to decompose the breakpoint graph into the maximum number of alternating-cycles and
can be used to improve the approximation factor for Sorting by Translocations
— again in a similar FPT time, which admits a factor-1.375 (polynomial-time)
approximation and uses maximum alternating-cycle decomposition as a subroutine.
For Sorting by Reversals, note that special care must be taken as in the
optimal solution the 1-cycles might not be all kept. For instance, for the sequence
S = 3, 4, 1, 2, if we keep the 1-cycles (3,4) and (1,2) then three reversals are
needed to sort S into 1, 2, 3, 4. On the other hand we could sort S = 3, 4, 1, 2
into 1, 2, 3, 4 using two reversals: 3, 4, 1, 2 → 3, 2, 1, 4 → 1, 2, 3, 4.
A related open question is whether one can design an FPT-approximation
algorithm with a factor better than 1.375 for the problem of Sorting by Transpositions. Note that the technique of giving signs to some genes does not seem
to work for this problem.
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